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Abstract In this paper, we investigate the light trajecto-
ries and shadow properties in the rotating version of null
naked singularity (NNS) spacetime which is derived using the
Newman–Janis algorithm without complexification method.
We discuss some of the geometrical properties and causal
structure of Rotating Naked Singularity (RNS) spacetime.
The gravitational lensing in a rotating naked singularity is
analyzed, and the results are compared to those of a Kerr
black hole. In the case of a Kerr black hole, the photon
sphere exists for both prograde and retrograde photon orbits,
whereas for RNS, the photon sphere exists only for retro-
grade photon orbits. As a result, the naked singularity projects
an arc-shaped shadow that differs from the contour-shaped
shadow cast by a Kerr black hole.

1 Introduction

So far, Einstein’s theory of general relativity is a remarkably
successful theory of gravity. When large enough masses col-
lapse under the pull of their own gravity, the general theory of
relativity predicts that a spacetime singularity would develop.
Under certain conditions, a singularity theorem demonstrates
the inevitability of the emergence of a spacetime singularity.
However, there was no such theorem about the existence of
an event horizon enclosing the singularity. In 1969, Roger
Penrose introduced the cosmic censorship conjecture (CCC),
which asserts that horizon-less strong spacetime singularities
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are not feasible [1]. Nonetheless, there are several studies
on the continuous gravitational collapse of the inhomoge-
neous matter cloud that illustrates that spacetime singulari-
ties developed during gravitational collapse can be seen by
an outside observer [2–9]. The visibility of spacetime singu-
larity depends upon the initial conditions of the collapsing
matter [10]. In the regime of general relativity, such a scenario
can also arise where the continual gravitational collapse may
lead to an equilibrium static spacetime with a central visible
or naked singularity, e.g., Joshi–Malafarina–Narayan (JMN)
spacetime [10–12].

It is evident from the above discussion that the naked sin-
gularity can arise as the final state of continuous gravitational
collapse of an inhomogeneous matter cloud. Therefore, if
naked singularity exists in nature, it would have distinct phys-
ical traces. Photon trajectories may extract information about
the distinguish spacetime structure near a naked singularity.
Therefore, detailed study of null geodesics near naked sin-
gularity is very much important to predict the physical sig-
nature of naked singularity. The route is offered by gravita-
tional lensing by naked singularities, as described by several
authors in recent literature [13–18]. Gravitational lensing is
defined as both the deflection of light and the variation in
visual brightness of the radiating source induced by a gravi-
tational field. The study of analyzing the shadow properties
of a naked singularity is a curious and useful technique for
identifying the spacetime structure of naked singularity. The
observation of the shadow also gives an initial way of deter-
mining the properties of the naked singularity. In 2019, the
Event Horizon Telescope (EHT) group released the shadow
image of a compact object located at the center of Messier
87 (M87) galaxy [19]. Besides that, recently the EHT group
released the shadow image of a compact object located at the
center of Milky way galaxy Sgr A∗ [20–28]. They explore
the shadow image cast by various models and compared it
to the shadow image of Sgr A∗, concluding that the JMN-1

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-022-10638-w&domain=pdf
http://orcid.org/0000-0002-3314-0769
mailto:vishwapatel2550@gmail.com
mailto:tahelyanidivya118@gmail.com
mailto:gen.rel.joshi@gmail.com
mailto:deydipanjan7@gmail.com
mailto:psjcosmos@gmail.com


798 Page 2 of 10 Eur. Phys. J. C (2022) 82 :798

naked singularity is one of the best possible non-spinning
black hole mimickers [26]. Furthermore, they suggest that,
the metric tests cannot rule out the possibility of the naked
singularities, Fermionic Dark Matter, Gravastar, wormholes
as a Sgr A∗ compact object [26]. These observations have
opened up new possibilities for analysing various naked sin-
gularity spacetimes as black hole mimickers. In literature,
many researchers probe into the shadow cast by other types
of compact objects such as gravastar, regular black holes, and
wormholes [29–46]. It is generally believed that the shadow
of the compact object occurs due to the presence of the pho-
ton sphere. However, in [12], authors have proposed a new
spherically symmetric naked singularity solution of the Ein-
stein field equation that does not possess a photon sphere.
In this spacetime, the shadow is cast by the singularity itself
[12]. Furthermore, in [56], the authors discuss the general
conditions for a shadow to form, without a photon sphere for
null-like and time-like naked singularities. In [36], a space-
time configuration with a central naked singularity is devel-
oped, and it is illustrated that a thin matter shell can form
shadow without the presence of event horizon and photon
sphere. These studies indicate that presence of event horizon
and photon sphere are not necessary for the shadow forma-
tion. In papers [12], authors show that existence of upper
bound of the effective potential of null geodesic is the nec-
essary and sufficient condition for shadow formation.

Since every compact object in our universe possesses
inherent angular momentum, a rotating counterpart of the
singular static spacetime is essential for a more realistic sce-
nario. In this work, we first construct a rotating version of
null naked singularity (NNS) spacetime to explore its physi-
cal features. The rotating naked singularity spacetime could
be obtained by applying the Newman–Janis Algorithm (NJA)
to the static NNS [47–50]. Furthermore, while applying the
NJA to other spacetime metrics, such as naked singularities
and other black hole solutions, the final result in Eddington–
Finkelstein coordinates (EFC) may not be transformed into
the Boyer–Lindquist coordinates (BLC) due to the complexi-
fication process mentioned in [51,53–55]. In [51], Mustapha
Azreg-Anou show how the rotating spacetime obtained by
the NJA and written in the EFC could be transformed into
the BLC by skipping the complexification process. Recently,
the rotating form of the polytropic black hole and Janis–
Newman–Winicour naked singularity spacetimes have been
generated using the NJA without complexification [52]. In
this paper, we apply the NJA without complexification to set
the rotating counterpart of static NNS spacetime discussed in
[12,13,56,57]. We analyse the properties of light geodesics
and the shadow around RNS and compare the results with
those of the Kerr black hole. The results reveal that the geom-
etry of the rotating version of NNS spacetime has significant
different features in terms of the light trajectories and shadow

shape than the Kerr black hole, which provides an effective
tool for distinguishing the RNS from the Kerr black hole.

This paper is organised as follows. In Sect. 2, we obtain
the rotating naked singularity (RNS) solution by applying
the NJA to static NNS spacetime. In Sect. 3, we investigate
whether the energy conditions are satisfied in RNS space-
time. In Sect. 4, we compare the light trajectory in the Kerr
black hole and the RNS spacetime. We then compare the
shadow shape for the Kerr black hole and the RNS spacetime.
Ultimately in Sect. 6, we conclude and discuss the outcome
of the work. Throughout the paper, we consider geometrized
units, where the gravitational constant(G) and the speed of
light(c) are set equal to one. The signature of the metric is
(−, +, +, +).

2 Newman–Janis algorithm without complexification

To apply the Newman–Janis algorithm without complexifi-
cation, let us consider a general form of spherically symmet-
ric and static spacetime, in which, the gtt (r) and grr (r) are
inversely proportional to each other. The spacetime metric
is,

ds2 = −A(r)dt2 + dr2

B(r)
+ C(r)d�2, (1)

where, d�2 = dθ2 + sin2 θdφ2. The gtt (r) term is A(r),
grr (r) term is B(r) and C(r) = r2. One can use the null
coordinates {u, r, θ, φ} to describe the above spacetime. The
coordinate transformation can be written as,

du = dt − dr√
A(r)B(r)

, (2)

and in that null coordinates, the spacetime metric (1) takes
the following form,

ds2 = −A(r)du2 − 2

√
A(r)

B(r)
dudr + C(r)d�2. (3)

One can write the null tetrads of the above spacetime metric
as,

lμ = δ
μ
1 , (4)

nμ =
√

B(r)

A(r)
δ
μ
0 − 1

2
B(r)δμ

1 , (5)

mμ = 1√
2C(r)

(
δ
μ
2 + i

sin θ
δ
μ
3

)
. (6)

The complexification procedure of the NJA extrapolates the
function (i.e., A(r), B(r), C(r)) as the real function of the
radial coordinate r and its complex conjugate r̄ . The solu-
tion is to skip this step and move on to the next, which
requires complex coordinate transformations. In the complex
coordinate transformation the spacetime metric is derived in
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the null coordinates {u, r, θ,�}. One can transform this into
the Boyer–Lindquist coordinates (BLC) {t, r, θ, φ} using the
transformation,

du = dt − λ(r)dr (7)

d� = dφ − χ(r)dr (8)

where we get the BLC transformation function χ and λ as,

χ(r) = a

CB + a2 , (9)

λ(r) = K + a2

CB + a2 , (10)

where, K = C
√

B
A . In the Boyer–Lindquist coordinates

(t, r, θ, φ), the metric can be represented as,

ds2 = −
(

1 − 2 f

ρ2

)
dt2+ ρ2



dr2 + ρ2dθ2+ � sin2 θ

ρ2 dφ2

−4a f sin2 θ

ρ2 dtdφ, (11)

where,

ρ2 = K (r) + a2 cos2 θ, (12)

f = K (r) − C(r)B(r)

2
, (13)


 = C(r)B(r) + a2, (14)

� = (
K (r) + a2)2 − a2
 sin2 θ. (15)

The rotating solution (11) reduces to the static when a → 0,
and spherically symmetric spacetime metric if A(r) and B(r)
are inversely proportional to each other.

3 Rotating compact object

In this section, we present a new axially symmetric, asymp-
totically flat RNS spacetime. We first discuss the basic space-
time properties of this RNS spacetime, and then we briefly
discuss the Kerr black hole spacetime.

3.1 Rotating naked singularity (RNS) spacetime

In the Sect. 2, we develop the rotating form of static and
spherically symmetric metric using Janis- Newman algo-
rithm without complexification. In [12], authors describe
a null-naked singularity spacetime which resembles with
Schwarzschild spacetime far away from the center. The met-
ric of the null-naked singularity spacetime is,

ds2 = − 1(
1 + M

r

)2 dt
2 +

(
1 + M

r

)2

dr2 + r2d�2, (16)

where d�2 = dθ2 + sin2 θdφ2 and M is the Arnowitt–
Deser–Misner (ADM) mass of the above spacetime metric.

One can write down the following rotating counterpart of
the above mentioned static NNS spacetime using the NJA
without complexification technique described in the previous
section,

ds2 = −
(

1 − 2 f

ρ2

)
dt2− 4a f sin2 θ

ρ2 dtdφ+ � sin2 θ

ρ2 dφ2

+ρ2



dr2 + ρ2dθ2, (17)

where,

f = r2M2 + 2Mr3

2(M + r)2 , (18)

ρ2 = r2 + a2 cos2 θ, (19)


 = r2(
1 + M

r

)2 + a2, (20)

� = (r2 + a2)2 − a2
 sin2 θ. (21)

Here, we note that the above rotating metric will reduce
to the Eq. (16) in the limit of a → 0. Now, we must proceed
to verify the validity of the energy conditions in this rotating
spacetime. As we know, the energy-momentum tensor can
be written as,

Tμν = ρeu
μuν + Pre

μ
r e

ν
r + Pθe

μ
θ e

ν
θ + Pφe

μ
φ e

ν
φ, (22)

where ρe is the energy density, and Pi (i → r, θ, φ) are the
main pressure components. Using the Einstein field equation
Gμν = Tμν , we can write down the ρe and Pi as,

ρe = Gμν u
μuν, (23)

Pr = Gμν e
μ
r e

ν
r = grrGrr , (24)

Pθ = Gμν e
μ
θ e

ν
θ = gθθ Gθθ , (25)

Pφ = Gμν e
μ
φ e

ν
φ. (26)

From (23)–(26), the components of the energy-momentum
tensor of the RNS spacetime are as follows (considering
θ = π/2),

ρe = M2(M + 3r)

r2 (M + r)3 , (27)

Pr = −M2(M + 3r)

r2 (M + r)3 , (28)

Pθ = Pφ = 3M2

(M + r)4 . (29)

From the above expressions, it can be verified that the RNS
spacetime (17) satisfies the weak energy condition (ρe ≥ 0,
ρe + Pi ≥ 0), strong energy condition (ρe + ∑

Pi ≥ 0,
ρe+Pi ≥ 0), the dominant energy condition (ρe ≥ |Pi |), and
the null energy condition (ρe + Pi ≥ 0) considering θ = π

2 .
The presence of horizons in a stationary spacetime geometry
are generally given by the condition grr → ∞. Equivalently,
the null values of 
(r) represent the locations of horizons.
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Fig. 1 Penrose diagram of rotating naked singularity

From 
(r) = 0, we find that, the radius of horizons becomes
imaginary for RNS spacetime, which indicates that it is a
horizon-less compact object. The Kretschmann scalar which
is defined as, k = Rαβγ δ Rαβγ δ becomes infinite in the RNS
spacetime for r → 0 and θ → π

2 . This behaviour of the
Kretschmann scalar indicates the presence of a ring singu-
larity in the equatorial plane with a coordinate radius a. The
causal structure of the RNS spacetime can be examined using
the Penrose diagram. To generate the Penrose diagram, we
transform the t and r coordinates into T and R coordinates,
respectively, by using the following transformations,

T = 1

2
(tan−1(t + r∗) + tan−1(t − r∗)), (30)

R = 1

2
(tan−1(t + r∗) − tan−1(t − r∗)), (31)

where r∗ = ∫ (
grr
gtt

) 1
2
dr . The new coordinates T and R are

used to describe the entire spacetime manifold in a specific
compactified diagram. We need to check the values of T and
R at r → 0 to see if the spacetime singularity is time like or
null like. For the finite value of t and r → 0, if r∗ → −∞
then one can conclude that the singularity at r = 0 is nulllike,
since limr∗→−∞ R = −π , limr∗→−∞ T = 0. On the other
hand, for the finite value of t and r → 0, if the singularity
exists at a constant r , then the singularity is timelike. From
the Penrose diagram in Fig. 1, one can see that the singularity
in the RNS spacetime is a timelike singularity.

3.2 Kerr black hole spacetime

In the Boyer–Lindquist coordinates (t, r, θ, φ), the line ele-
ment of a stationary, axisymmetric, and rotating Kerr space-
time is given by Eq. (17) with,

a = J

M
, (32)

f = Mr, (33)

ρ2 = r2 + a2 cos2 θ, (34)


 = r2 − 2Mr + a2, (35)

� = (r2 + a2)2 − a2
 sin2 θ. (36)

The spin parameter a has the dimensions of length in
geometrized units. As discussed above, the positions of hori-
zons in Kerr geometry can be determined using the condition

(r) = 0, which gives

r± = M ±
√
M2 − a2. (37)

The surface at r = r− represents a Cauchy horizon, while the
surface at r = r+ represents the event horizon. In the extreme
case a = M , both the horizons coincide at r = M . For
a > M , the horizons become imaginary, and the singularity
in the Kerr black hole becomes naked.

4 Light trajectories in rotating naked singularity and
Kerr black hole

A general rotating spacetime in the Boyer–Lindquist co-
ordinates can be given by,

ds2 =−gtt dt
2 + grrdr

2 + gθθdθ2 + gφφdφ2−2gtφdtdφ.

(38)

In order to obtain the shadow of these compact objects, it is
required to study the null geodesics in the spacetimes. The
null geodesics can be derived from the Lagrangian given by

2L = gμν ẋ
μ ẋν, (39)

where the overdot represents the differentiation with respect
to the affine parameter (λ) along the light geodesic. For the
line element given in Eq. (38), Eq. (39) becomes

2L = −gtt ṫ
2 + grr ṙ

2 + gθθ θ̇
2 + gφφφ̇2 − 2gtφ ṫ φ̇. (40)

Setting θ = π/2 for equatorial plane in RNS (Eq. (17)) and
Kerr black hole (Eq. (36)) metric, the above equation yields,

2LRNS = − 1

(1 + M
r )2

ṫ2 + r2



ṙ2 +

(
a2 + r2

)2 − a2


r2 φ̇2

−2aM(M + 2r)

(M + r)2 ṫ φ̇, (41)

2LKerr = −
(

1 − 2M

r

)
ṫ2 + r2



ṙ2 +

(
r2 + a2 + 2Ma2

r

)
φ̇2
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−4aM

r
ṫ φ̇. (42)

Since the Lagrangian is independent of t and φ co-ordinates,
pt and pφ are conserved along the light geodesic. From the
above Lagrangian, the t- and φ-component of momenta can
be deduced:

pt = ∂L
∂ ṫ

= −gtt ṫ − gtφφ̇ = −ε, (43)

pφ = ∂L
∂φ̇

= −gtφ ṫ + gφφφ̇ = L , (44)

where ε and L are, respectively, the conserved energy and
angular momentum (about the axis of symmetry) of the pho-
ton evaluated at spatial infinity. The r -component of the
momentum is given by

pr = ∂L
∂ ṙ

= grr ṙ . (45)

Solving Eq. (43) and Eq. (44) for ṫ and φ̇, we arrive at

ṫ = −Lgtφ + εgφφ

gtt gφφ + g2
tφ

, (46)

φ̇ = Lgtt + εgtφ
gtt gφφ + g2

tφ

. (47)

Four velocity ẋμ in Eq. (39) is normalized to zero for null
geodesics. Hence, for photons we have L = 0. Inserting the
solutions Eqs. (46) and (47) in Eq. (40), we obtain

ṙ2 = −gtt L2 − 2εLgtφ + ε2gφφ

grr (gtt gφφ + g2
φφ)

. (48)

The shape of the photon orbit can be described by how φ

changes with r . Using Eqs. (47) and (48), we find

dφ

dr
= (Lgtt + εgtφ)

√
grr√

(gtt gφφ + g2
tφ)(−gtt L2 − 2εLgtφ + ε2gφφ)

. (49)

For the simplicity, we define a new variable in above equation
such that u = 1/r . Now, we can write down the second order
differentiation of u with respect to φ in the following way,

d2u

dφ2 = 2

r3

(
dr

dφ

)2

− 1

2r2

d

dr

(
dr

dφ

)2

. (50)

We can construct the orbit equation in the RNS and Kerr
spacetimes by employing the corresponding expression of
dr
dφ

and the components of the metric tensor of the space-
times in the Eq. (50). The trajectories in the rotating equato-
rial geometry will differ depending on whether the particle or
photon rotates about the axis of symmetry in the same direc-
tion (co-rotating or prograde) as the rotating compact object
or in the opposite direction (counter-rotating or retrograde).
By numerically solving the orbit equations and plotting the
resultant light trajectories, we can easily visualise how light
is lensed in the RNS and Kerr spacetime. The behaviour of

light trajectories and the appearance of shadow shapes in
RNS and Kerr black hole are discussed in the next section.

5 Equatorial photon orbits and shadow outline

In the general theory of relativity, the Hamilton–Jacobi for-
malism is favourable for uncovering the nature of the shadow.
The action in the Hamilton–Jacobi equation is given by,

2
∂S

∂λ
= −gμν ∂S

∂xμ

∂S

∂xν
, (51)

where S is the Jacobi action, also known as Hamilton’s prin-
cipal function, λ is an affine parameter, and gμν is the metric
tensor of the geometry. If the above differential Eq. (51) has
a separable solution, then in terms of the known constants of
the motion, it should take the form,

S = 1

2
μ2λ − εt + Lφ + Sr (r) + Sθ (θ). (52)

Here, μ is the rest mass of the test particle, and μ = 0 for
null geodesic. The functions Sr (r) and Sθ (θ) are variable (r
and θ ) specified functions.

Substituting Eq. (52) into Eq. (51) and using the con-
travariant metric tensor components, we obtain the following
equation,

(L2cosec2θ − a2ε2)cos2θ −
(
dSθ (θ)

dθ

)2

= 1



((r2 + a2)ε − aL)2 − (L − aε)2 + 


(
dSr (r)

dr

)2

.

(53)

Here, the equation above is the only function of θ and r .
Therefore, one can separate both sides of Eq. (53) using the
separation constant as,

(L2cosec2θ − a2ε2)cos2θ −
(
dSθ (θ)

dθ

)2

= K , (54)

1



((r2 + a2) ε − a L)2 − (L − a ε)2 + 


(
dSr (r)

dr

)2

= K . (55)

In above differential equation, K is the separation constant.
Eqs. (54) and (55) can be considered as a part of effective
potential where the tangential part and the radial part of the
effective potential can be written as,

R(r) = ((r2 + a2) − aξ)2 − 
(η + (ξ − a)2), (56)

�(θ) = η − (ξ2cosec2θ − a2) cos2θ. (57)

In Eq. (56), ξ = L
ε

andη = K
ε2 . In the equatorial plane, ξ is the

impact parameter of light geodesics and it can be used to dis-
tinguish the null geodesics. Note that for a motion of photon,
the �(θ) and R(r) should be positive. Using the expressions
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(a) (b)

Fig. 2 a, b Demonstrate the behaviour of η and ξ for the RNS and Kerr black hole as a function of radial coordinate r . Here, we consider a = 0.8
and M = 1

of �(θ) and R(r), one can characterize certain critical val-
ues of parameters ξ , η and under small perturbations, these
critical values cause escape or plunge orbit for photons. On
that count, we mark that the outline of the shadow is majorly
dependent on the critical impact parameters. The standard
conditions to determine the unstable circular orbit of pho-
tons are,

R(rph) = 0,
dR(rph)

dr
= 0,

d2R(rph)

dr2 ≤ 0, (58)

where, rph is the radius of the photon sphere. Using the con-
ditions (58), one can obtain the critical impact parameters
corresponding to the maxima of the R(r) for RNS and Kerr
Black hole spacetimes as,

ηRNS = −r6 + 4a2M(M + r)3

a2(r + 2M)2 , (59)

ξRNS = −2a2M3 − r(6a2M2 + 4a2Mr + a2r2 + r4)

ar2(r + 2M)
,

(60)

and

ηKerr = r3
(
4a2M − r(r − 3M)2

)
a2(M − r)2 , (61)

ξKerr = a2M + a2r − 3Mr2 + r3

a(M − r)
. (62)

Since η = 0 at the equatorial plane, the roots of Eqs. (59)
and (61) determine the critical orbits of the photons (rph)
in RNS and Kerr spacetimes, respectively at that plane. In
Fig. 2a, b, the behaviour of η and ξ as a function of r is shown,
where we consider a = 0.8 and M = 1. Orbits with a positive
ξ value represent the prograde equatorial motion of photons,
and those with a negative ξ value depict the retrograde equa-
torial orbit. For RNS, ηRNS vanishes at r = 2.0389, as shown
in Fig. 2a. The circular orbit corresponding to this radius is
retrograde, since ξRNS is negative at rph = 2.0389, and we
observe that no photon sphere exists for prograde equatorial

motion of photons. Hence, there is only one photon sphere at
rph = 2.0389 for the retrograde motion of null geodesics in
RNS spacetime, and the corresponding critical impact param-
eter is ξRNS(rph) = 4.49759. On the other hand, in Fig. 2b,
we see that there are three roots of ηKerr . As we are only inter-
ested in orbits outside the event horizon, the first root r1 must
be discarded, since r1 < r+. Here, rph+ is associated with
the photon orbit having ξKerr > 0. Therefore, it represents
the prograde equatorial orbit of a photon. In the same way,
rph− corresponds to the retrograde equatorial orbit, as it is
associated with ξKerr < 0. At the equatorial plane, there is a
critical impact parameter (ξph) corresponding to the unstable
circular photon orbits (rph) below which the incoming null
geodesics will plunge into the central compact object. The
null geodesics with impact parameters larger than ξph will
be scattered away, while those with impact parameters equal
to ξph will remain trapped in the photon sphere at r = rph .
Since the photon sphere corresponds to the unstable photon
orbits, any small perturbation in the r -direction would cause
the photons at r = rph to fall into the singularity or scatter to
infinity. Only the scattered photons from the compact object
can reach the observer at infinity and create bright patches in
the observer’s sky. On the other hand, photons falling into a
compact object do not reach the observer at infinity, resulting
in a dark region. The shadow of the compact object is created
by the combination of light and dark spots in the observer’s
sky.

Figure 3a, b and c, d depict the deflection of light trajec-
tories in the equatorial plane of Kerr black hole and a RNS
respectively with a = 0.8 and M = 1. In these figures,
both the compact objects have spins in counter-clockwise
direction. As shown in Fig. 3c, there is no photon sphere
for prograde light trajectories; therefore, the light rays are
dispersed away from the singularity. However, due to the
finite size of the ring singularity in the equatorial plane, if
the impact parameter of the light geodesics is smaller than
the coordinate radius a of the singularity, the light geodesics
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(a) (b)

(c) (d)

Fig. 3 a, b and c, d Show the lensing of null trajectories in the equato-
rial plane of a RNS and Kerr black hole, respectively. In this figure, the
spin axes of the compact objects point out of the page. Here, the red solid
circle and green dashed circle denote the critical impact parameters and
photon spheres, respectively. The scattered light rays are represented

by blue, and those plunging into the compact object are denoted by
black. The light rays denoted by pink correspond to the critical impact
parameter. In a, b, the black shaded regions at the centre represent the
outer event horizon of the Kerr black hole. Whereas in c, d, the central
black rings correspond to the ring singularity
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(a) (b)

Fig. 4 The figure shows the shadow outline cast by RNS and Kerr black hole. For both cases, the value of mass is set to one. The shadow shape
indicated by blue to magenta color lines is formed for the spin parameters 0.9 to 0.1. The detailed discussion of this shadow images is given in
Sect. 6

will become discontinuous as they approach the singular-
ity because the spacetime is null geodesically incomplete.
For retrograde orbits of light geodesics, there exists a pho-
ton sphere in the equatorial plane, which is shown in Fig. 3d
by a green dashed circle. Due to the presence of the pho-
ton sphere, light rays with impact parameters smaller than
the critical impact parameter are trapped inside the photon
sphere, creating dark patches in the observer’s sky. Here,
ξRNS(rph) = 4.49759 represents the radius of the shadow in
the equatorial plane.

As explained earlier, the parameters η and ξ are essential
to finding the shape of the shadow. If we consider the celes-
tial coordinates α and β, which are the coordinates of the
asymptotic observer sky, then using these celestial coordi-
nates, one can obtain the apparent shape of the shadow seen
by the asymptotic observer. The general expression to derive
celestial coordinates α and β are,

α = lim
r0→∞

(
−r2

0 sin θ0
dφ

dr

∣∣∣
(ro,θo)

)
, (63)

β = lim
r0→∞

(
r2

0
dθ

dr

∣∣∣
(ro,θo)

)
, (64)

where r0 and θ0 are the coordinates of the asymptotic
observer. Here, we consider asymptotically flat rotating met-
ric. Therefore, in the RNS and Kerr black hole spacetimes,
the expressions (63) and (64) will take the form as,

α = ξ cosec θ0, (65)

β = ±
√

η + a2 cos2 θ0 − ξ2 cot2 θ0. (66)

By substituting Eqs. (61) and (62) for Kerr black hole, and
Eqs. (59) and (60) for RNS spacetime in above expressions,
one can deduce the corresponding celestial coordinates α and
β in Kerr and RNS spacetimes. We construct the outline of
the shadows using the radius of unstable circular orbit in the
expressions of celestial coordinates for RNS and Kerr black
hole spacetimes, where we have considered the inclination
angle of the observer θ = π/2. Figure 4 represents the appar-
ent size of the shadow cast by RNS and Kerr black hole for
different values of spin parameters. The analysis of shadow
shape is discussed in the next section.

6 Discussion and conclusion

In this paper, we carry out a comparative study of the prop-
erties of the lightlike geodesics and shadow in the rotat-
ing naked singularity (RNS) and Kerr black hole space-
times. First, we obtain the stationary and axisymmetric rotat-
ing null singularity spacetime by applying the Newman–
Janis algorithm without the complexification process from
the static and spherically symmetric null naked singular-
ity (NNS) spacetime. The orbit equation for null geodesics
is then derived in order to plot the light trajectories around
RNS and Kerr black holes. From the Hamilton–Jacobi for-
malism, we obtain the separable solution of radial (R(r))
and azimuthal (�(θ)) parts of the effective potential. Using
the conditions of unstable circular orbits, we have studied
the equatorial prograde and retrograde photon orbits. The
following are the outcomes of this paper:
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• In the Kerr black hole, there are two horizons and two
stationary limit surfaces. However, no such horizons or
stationary limit surfaces are present in the RNS space-
time. Therefore, the ergoregion does not exist in an RNS.

• We have studied the properties like nature of singular-
ity, light trajectory, and shadow shape due to the photon
sphere of RNS. As per the given spacetime in [12], the
static null naked singularity spacetime contains the null
like singularity. Whereas, due to the inclusion of non-
zero spin, the RNS spacetime has the time like singular-
ity. Furthermore, there is no photon sphere for static null
singularity [12]. In the case of RNS spacetime, however,
a photon sphere exists for the retrograde motion of the
null geodesics.

• In Fig. 2b, we can see that there are two radii of the pho-
ton sphere in the equatorial plane of the Kerr black hole.
One radius corresponds to the prograde motion of light
geodesics, which has a positive value of ξ when η = 0.
Another radius is for a retrograde motion of light, where
the value of ξ is negative when η = 0. Besides that, for
an RNS in Fig. 2a, there exists only one photon sphere
in the equatorial plane, and that is for retrograde motion
of light geodesics. As a result, in the case of an RNS, all
equatorial light rays travelling in prograde motion will be
scattered by the central singularity. While for the retro-
grade light orbits, light geodesics with impact parameters
smaller than the critical impact parameter will fall into
the singularity. This can be understood from the behavior
of light trajectories shown in Fig. 3.

• We know that the rotating gravitational sources drag
the surrounding spacetime. This dragging effect can be
observed from the deflection of light geodesics in Fig. 3.
From Fig. 3b, it is apparent that the dragging effect is
largest near the outer event horizon of the Kerr black
hole, causing the retrograde light orbits to change their
direction of motion in the direction of the spin of the
Kerr black hole. Whereas for RNS spacetime, the drag-
ging effect is most significant around the ring singularity,
as seen in Fig. 3.

• The RNS casts an arc shape shadow which can be seen in
Fig. 4a. That is because of the particular occurrence of the
photon sphere around RNS. The shadow in Fig. 4b is cast
by Kerr black hole. In both cases, shadow shape is shown
for different spin parameters indicated by blue to magenta
color lines are formed for the spin parameters 0.9 to 0.1,
respectively. The shadow cast by RNS is almost half of
that of the Kerr black hole. With the increasing spin, the
shadow size in RNS increases, whereas in Kerr black
hole, the deformation in the shadow shape increases.
In this work, we restricted ourselves to examining the
shadow shape due to the presence of the photon sphere
in RNS spacetime. In general, one may show that in the
absence of photon sphere, the shadow can be cast by a

rotating compact object due to the existence of the ring
singularity.
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