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The comparison of empirical Bayes and generalized maximum likelihood estimates of reliability performances is made in terms
of risk efficiencies when the data are progressively Type II censored from Rayleigh distribution. The empirical Bayes estimates
are obtained using an asymmetric loss function. The risk functions of the estimates and risk efficiencies are obtained under this
loss function. A real data set is presented to illustrate the proposed comparison method, and the performance of the estimates is
examined and compared in terms of risk efficiencies by means of Monte Carlo simulations. The simulation results indicate that the
proposed empirical Bayes estimates are more preferable than the generalized maximum likelihood estimates.

1. Introduction

Censoring has become quite popular in life testing, reliability
performances, and survival analysis. In life testing experi-
ment, most of the time, an experimenter may be unable to
observe the lifetimes of all units due to some constraints
such as time, money, and resources, or it is not feasible to
continue the experiment until the last observation. Censoring
arises in such situations and different types of censoring can
be used based on how the data are collected from the life
testing experiments. The most popular censoring scheme
among the various types of censoring scheme used in lifetime
analysis is progressive Type II censoring scheme. Due to
allowance of removal of experimental units at points other
than the terminal point of an experiment, this censoring
scheme is useful in many practical situations where budget
constraints are in place or there is a demand for rapid testing.
A significant work regarding the inference procedures based
on progressive Type II censored samples has been found in
the literature and journals, including Cohen [1], Balakrishnan
and Aggarwala [2], Wu et al. [3], and N. W. Patel and M. N.
Patel [4].

In empirical Bayes (EB) approach, an experimenter usu-
ally does not specify the unknown hyperparameter (param-
eter of prior distribution) but is often tempted to use some
estimate of the hyperparameter. This approach is commonly
used when a data-driven choice of the hyperparameter is
desirable and has been described extensively by many authors
such as Robbins [5], Maritz and Lwin [6], Casella [7], Carlin
and Louis [8], and Lehmann and Casella [9]. Several authors,
including Ali Mousa [10] and Asgharzadeh and Valiollahi
[11], have made significant work regarding the inference
procedures based on EB approach.

The main objective of the paper is to examine and com-
pare the performance of the EB estimates of reliability perfor-
mances relative to general entropy loss function (GELF) with
that of the generalized maximum likelihood (GML) estimates
in terms of risk efficiencies when the data are progressively
Type II censored from the Rayleigh distribution.

The rest of the paper is organized as follows. Section 2
describes the Rayleigh model, GML estimation, EB esti-
mation relative to GELE risk functions of the estimates
under GELF, and risk efficiencies. Section 3 considers a real
life application to the wind speed data for the developed
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estimation methods and an extensive simulation study to
compare the performance of EB estimates with that of GML
estimates. This paper concludes with a brief discussion in
Section 4.

2. Materials and Methods

2.1. The Model Description. Rayleigh [12] introduced the
Rayleigh distribution to describe the amplitude of sound
resulting from many important sources. This distribution is
widely used in communication engineering, clinical studies,
life testing experiments, electrovacuum devices, reliability
analysis, and applied statistics. It is also found useful to
study the scattering of radiation and wind speeds or to make
certain transformation. The probability density, cumulative
distribution, reliability, and failure rate functions of Rayleigh
distribution are given, respectively, by

f(x10) = ée"*”@z, x>0,0>0, )
F(x|0)=1-¢"", )
Rt)=e"7, t>o, 3)

A() = 9%‘ 4)

2.2. Likelihood Function under Progressively Type II Censored
Samples. Let n units be placed on a life-testing experiment,
and only m(< ») units are completely observed until failure.
At the time of each failure occurring prior to the termination
point, one or more surviving units are randomly withdrawn
from the life test. Let x(;) < x(5) < -+ < x(,,,) be the lifetimes
of the m completely observed units following the Rayleigh
distribution (1), and ry, 7, ..., 7,,(t,, = n—m — ZZ}I r;) are
the numbers of units withdrawn at these failure times. Then,
X = (X(1)> X(2)> - - - » X(s) 18 the progressively Type II censored
sample with the censoring scheme r = (r,7,,...,7,,). The
likelihood function based on x can be obtained as (see [3])

AT %
|JISED) T8 (5)

Ll(£|6)= 02m

where

m—1
A=n(n—1—r1)(n—2—r1—rz)---<n—m+1— ri>,

i=1

T =

™Mz

m i—-1
(1 +r,-)xfi) = Z <n— er —i+ 1> (x(zi) —x?i_l)).
=

i=1 i=1
(6)
It is clear that progressive Type II censoring scheme
includes complete sampling scheme (r, = r, = --- =1, =
0,n = m) and conventional Type II right censoring scheme
(ry=r,=-=r,_,=0,r,=n-—m).
It is straightforward to show that xfi) /26 is distributed
exponentially with mean 2, which implies that T' has the
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gamma distribution with the shape parameter m, scale
parameter 26, and probability density function

~T/26* Tm-1

M= e

T >0. (7)

2.3. Prior and Posterior Distributions. The prior distribution
is an integral part of Bayesian inference, which characterizes
the beliefs of the researcher before observing the results of
an experiment. Suppose that the unknown scale parameter 8
is the realization of a random variable which has square root
inverted gamma prior with the probability density function:

6—2b—1 e ! /26%

n(0]b) = T

W; b>0. (8)

The prior distribution (8) has advantages over many other
distributions because of its analytical tractability, richness,
and easy interpretability. In light of the progressively Type II
censored sample x, we update the prior information about the
scale parameter 6 via posterior model. From Bayes’ theorem,
the posterior density function of 6 given x can be obtained as

2
(1 + T)b+me—(1+T)/29 9—2(b+m)—1

204m-1T (b 4+ m)

n(01x) = ©)

2.4. GML Estimation of Reliability Performances. The GML

estimate of the parameter 0, denoted by §GML, is the value of

0 at which the posterior density (9) is maximal. This estimate

can be identified by maximizing the log posterior density

function of 0; that is,

b+m

Inz* (0] x)=1In [%]
26m=1T (b + m)

(10)

1+T
262

- (2b+2m+1)In6.

Differentiating (10) with respect to 8, and then equalizing the
obtained expression to zero, we obtain the equation

1+T_2b+2m+1 3

0. 11
7 5 (11)
From (11), we have
~ 1+T
Ocnr = \|=———. (12)
GML \/Zb +2m+1

The invariance property of GML estimation enables
one to obtain the GML estimates R(t)gyy and h(t)gyy by
substituting O, for 0 in (3) and (4).

2.5. EB Estimation under GELF. Since the last couple of
decades, a significant work has been developed in the field of
reliability using EB approach. In this subsection, EB approach
is used to derive the estimates of parameter 0, reliability
function R(t), and failure rate function A(t). In order to derive
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the EB estimates, one must specify a loss function, which
represents a penalty associated with each of the possible
estimates. In the Bayesian analysis, an overestimation may
be more serious than an underestimation or vice versa for
some estimation problems. In such situations, the use of
asymmetric loss function proposed by Calabria and Pulcini
[13], namely, GELE, might be appropriate. The GELF for a
parameter ¢ with the shape parameter « (« # 0) is given by

L(q?,qs):(%)“—aln(g)—l. (13)

The sign and magnitude of the shape parameter « reflect
the direction and degree of asymmetry, respectively. The
Bayes estimate g of ¢ under GELF is the value ¢ that
minimizes the posterior expectation of (13), and it is

$GE = [En* (6| E)]

The Bayes estimates of reliability performances using
GELF under progressive Type II censored data are, respec-
tively,

e (14)

P _[ T (b+m) ]1/“\/1+T
CETIrTG+m+al2) 2

R tzoc (b+m)/a

R(t)e = (1 . T) , (15)
~ [ Tb+m) ]1/"‘ 2t
h(t)GE_[r(mm—a) 1+T

Despite Bayes procedures that are increasingly popular,
it is a common experience that expressing honest prior
information about the parameter can be difficult and, in
practice, one is often tempted to use some estimate of the
hyperparameter. This mixed approach is usually referred to
as empirical Bayes. Since the prior density (8) belongs to
a parametric family with unknown prior hyperparameter
b, such parameter is to be estimated using the available
information. In theory, the accuracy of maximum likelihood
estimation is higher than the moment estimation. In view of
this fact, we will use maximum likelihood method to estimate
the hyperparameter of b using the marginal probability
density function:

m(x16)= [ L(x10)n@b)do

16
AT (b +m) 2"[T2 % 16)
o ra+
Based on (16), we obtain the likelihood equation in the form
b+m m

1 + =0. 17
n[b(1+T)] 26 (b +m) a7
Equation (17) has no closed form solution in b. Therefore,

we obtain the estimate b for b by solving the equation
via numerical method. Following the idea of Lehmann and

Casella [9], we can obtain the EB estimates §EGE, R(t)ggp> and
A(t)gae by substituting b for b in (15).

2.6. Risk Functions of Estimates under GELF. At this point,
we obtain the risk functions of EB and GML estimates of
reliability performances under GELE. The risk function of an

estimate ¢ under GELF is given by

Ry (@) = E"[L(9¢)]

N(HEHE

The risk functions of O and Oy, under GELF are given,
respectively, by

(18)

h(T)dT.

Ry (éEGE)
b
1 [ F(A+M) Sl—g83] fo -1,
T (m) | 29/26°T (b +m + «/2) 2
B when T < 1,
- 1 F(lA7+ m) o o
I'(m) |:1“(ZA7+m+oc/2)Sz_ 554] i E_l’
when T > 1,
Ry (§GML)
! ! aSI - %‘93

PO | (V2b+2m +10)
+ ocln(\/ZE+2m+ 16)—1,

when T < 1,

1 - IN? o«
m{(b‘l‘ﬂ’l'f'i) 82—584}

+ % In 1+2b+1 +L -1,
2 2m 2m

when T > 1,

(19)
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m"‘/ZF(b+m)
(20)

The risk functions of R(t)pgg and R(t)gyy under GELF are
given, respectively, by

Ry (R(t)EGE)

[ 1 t*a ~ o
m [exp<2—92>R1+(b+m)R3:| —2—62—1,

when T < 1,

-1 1 t*a -~ "o
m [exp<2—62>R2+(b+m)R4:| —2—62—1,

when T > 1,

Ry (R(t)GML)

[ 2o a(2b+2m+1)8
m[exp(ﬁ)R5+ 3 55]
o 1
T
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— — | R S
T (m) [eXp(wZ) 6%t 402 6

when T > 1,
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The risk functions of /A\(t)EGE and X(t)GML under GELF are
given, respectively, by

Ry (A(t)gge)

[ (0T (B m)
T om) _ F(I;+m—oc) S;+aS; | +vs -1,
_ when T < 1,
1 [ F(1A9+m) o
r(m)-F(E+m_a)58+(x84]+vﬁ—%—l,
| when T > 1,
Ry (M)
'ﬁ{[(zfaumﬂ)ez]“sﬁa&}

—aln [(2Ta+ 2m + 1)02] -
when T < 1,

= ﬁ [(E+m+%)“88+o¢84]

[ ( 2E+1) 1]
- |In| 1+ +— -1,
2m 2m

when T > 1,
(23)
where
S, = i(;‘)(zez) T (m+k);
k=0
S = i(é")(zeﬂ) I(m-k-a);
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TABLE 1: Progressively Type II censoring schemes (C.S.) applied in
the simulation study (b = 25, m = 35, and t = 0.04).

n C.S. r=(r,ry..51,,)

100 (1] (2#16,1 % 2,2 = 16)
2] (0 * 33, 66)

90 (3] (2% 14,0 % 6,2 = 14)
(4] (0 * 33, 56)

%0 [5] (2%11,1,0 % 10,1,2  11)
6] (0 * 33, 46)

70 [7] (2%9,0%16,2%9)
(8] (0 = 33, 36)

60 9] (1%13,0%8,1x%13)
[10] (0 * 33,26)

TaBLE 2: GML and EB estimates of parameter 0 for different values
ofa.

_ [¥)
CS. 0 EGE
GML a=-08 a=-05 «a=05 a=038

[1] 0.15953 0.16132 0.16121 0.16083 0.16071
[2] 0.14362 0.14511 0.14501 0.14470 0.14460
[3] 0.16136 0.16319 0.16308 0.16269 0.16257
[4] 0.14498 0.14649 0.14640 0.14608 0.14598
[5] 0.16401 0.16590 0.16578 0.16538 0.16526
[6] 0.14690 0.14845 0.14835 0.14802 0.14793
[7] 0.16816 0.17012 0.17000 0.16959 0.16946
[8] 0.14980 0.15141 0.15131 0.15097 0.15087
[9] 0.18264 0.18488 0.18474 0.18426 0.18412
[10]  0.15473 0.15643 0.15633 0.15597 0.15586

2.7. Risk Efficiencies under GELF. The risk efliciency of an
estimate ¢, with respect to an estimate ¢, under GELF is
denoted by RE; (¢, ¢,) and can be defined as

. R (%
RE; (¢1>¢2) = Ri Ezglg (25)

Under GELE the risk efficiencies RE;(Bpcp>Ocn)s
RE; (R(t)ggr, R()gmr), and RE;(A(t) g, A(B)gum) can be
obtained, respectively, by using the results (19)-(23) in (25).

3. Results and Discussion

In this section, the performance of EB and GML estimates
has been examined and compared on the basis of an extensive
Monte Carlo simulation study and real life data application.

3.1. A Simulation Study. 'This subsection considers an exten-
sive Monte Carlo simulation study to examine and compare

the GML and EB estimates of reliability performances. The
comparison is made on the basis of the risk efficiency criteria
for different sample sizes (n = 60, 70, 80, 90, 100). The risk effi-
ciencies under GELF were computed to see whether the EB
estimates relative to GELF outperform the GML estimates or
not. As one data set does not help to clarify the performance
of the estimate, we have computed the estimates and risk
efficiencies by averaging the estimates and risk efficiencies
(at t = 0.04) over 2,000 simulations of progressively Type II
censored samples of size m. These samples were generated
from the Rayleigh distribution according to the algorithm
given in Balakrishnan and Sandhu [14].

Table 1 represents the different progressive Type II cen-
soring scheme considered in the study. The simulated results
are reported in Tables 2, 3, 4, 5, 6, and 7, respectively. From
the simulation results, the following points can be drawn.

(1) The risk efficiencies RE; (Ogap» Oy )> REL(R(H)pcs
R(t)gp)» and RE; (A(t) g A(t)ary) are greater than
one for all the considered cases, which indicates that
the proposed EB estimates of reliability performances

are more preferable than the GML estimates (see
Tables 3, 5, and 7).

(2) As the effective sample proportion m/n increases, the
risk efficiencies REL(§EGE, éGML) and REL(X(t)EGE,
AMt)ayp)  increase, while RE;(R(E)par R() o)
decreases (see Tables 3, 7, and 5).

(3) The risk RE; (Bpcp,Opy)  and
RE; (A(t)ggp> At)gpr) for the progressive Type

IT samples are greater than those for the conventional
Type II samples (see Tables 3 and 7).

efficiencies

(4) The risk efficiencies REL(ﬁ(t)EGE, ﬁ(t)GML) for the
progressive Type II samples are smaller than those for
the conventional Type II samples (see Table 5).

(5) The risk efliciencies under GELF are very sensitive to
variation in “«o” (see Tables 3, 5, and 7).

(6) Different values of the hyperparameter b have been
examined, and almost the same conclusions stated
above are followed. It may be mentioned here that
because of space restriction, results for all the varia-
tions are not shown.

3.2. Real Data Application. We have considered the wind
speed data set of Elanora Heights, located at northeastern
suburb of Sydney, Australia [15], by making some modifi-
cation for comparing the performance of proposed EB esti-
mates with that of GML estimates in terms of risk efficiency.
The average daily wind speeds (in meter/sec) reported during
November 2007 were as follows:

0.5833 0.6667 0.6944 0.7222 0.7500 0.7778 0.8056 0.8056 0.8611 0.8889
0.9167 1.0000 1.0278 1.0278 1.1111 1.1111 1.1111 1.1667 1.1667 1.1944 (26)
1.2778 1.2778 1.3056 1.3333 1.3333 1.3611 1.4444 2.1111 2.1389 2.7778.
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TaBLE 3: Risk efficiency of éEGE with respect to 5GML under GELF
for different values of a.
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TABLE 6: GML and EB estimates of failure rate A(t) for different
values of «.

0...0 ~ At

CS. a=-08 o =R—E0L.§9EGE’ eGﬁLi 0.5 a=08 €S e a=-08 a= —o.; )EGEcx =05 a=08
i 1.01499 101316 101300 1.01480 ] 160797 159047 158611 157152 156714
2] 101132 1.00885 1.00477 100474 [2] 198391 196402 195906 194248 193749
(3] 1.01542 1.01367 1.01400 1.01607 3] 157169 1.55445 1.55014 153577 153145
(4] L.0l162 1.00920 1.00543 1.00552 [4] 194688 192721 192230 190590  1.90097
(5] 1.01604 1.01440 1.01548 1.01793 [5] 152142 150454 150033 148625  1.48202
[6] 1.01206 1.00972 1.00638 1.00668 [6] 189643 187707 187223 185609  1.85124
7] 1.01699 1.01555 1.01783 102092

8] Lol L0104 00782 L0084 [7] 144761 101774 142718 141356 140946
(] L02027 01949 L0264 L03227 8] 182369 180477 180005 178428 177954
[10] 101387 Lol1s4 101041 LO1160 [9] 122733 121271 120906 119688 119322

[

TaBLE 4: GML and EB estimates of reliability R(¢) for different values
of .

5 R(t)ggr
€5 Raw a=-08 a=-05 «a=05 «a=08
(1] 096837 096866 096865  0.96865  0.96864
2] 096112 096145 096145 096143  0.96143
3] 096907 096936 096935  0.96934  0.96934
[4] 096183 096216 096216 096214  0.96214
(5] 097004  0.97032 097032  0.97031  0.97031
[6] 096280 096312 096312 096311  0.96310
[7] 097148  0.97175 097174 097174  0.97173
[8] 096420 096452 096452  0.96450  0.96450
[9] 097576  0.97600  0.97600  0.97600  0.97599
[10] 096640  0.96670  0.96670  0.96669  0.96669

TABLE 5: Risk efficiency of R(t)ggg with respect to R(t)gyy; under
GELF for different values of «.

REL(ﬁ(t)FGF’ ﬁ(t)GML)

C.S.

o =-0.8 o =-0.5 a=0.5 a=0.8
(1] 1.00505 1.00151 1.00017 1.00084
[2] 1.00622 1.00213 1.00026 1.00096
(3] 1.00498 1.00148 1.00016 1.00075
[4] 1.00605 1.00202 1.00024 1.00086
[5] 1.00488 1.00145 1.00014 1.00067
[6] 1.00588 1.00192 1.00022 1.00077
7] 1.00473 1.00141 1.00011 1.00059
(8] 1.00557 1.00172 1.00018 1.00068
[9] 1.00430 1.00127 1.00009 1.00045
[10] 1.00528 1.00159 1.00017 1.00051

We have checked the validity of the Rayleigh model based
on the estimated value (moment estimate) of parameter 6 =
0.9242, using two different measures, Kolmogorov-Smirnov
(KS) test, and Anderson-Darling (AD) test. The KS test (test
statistic value = 0.20475 with P value 0.14012 and critical value
=0.2417) and AD test (test statistic = 1.9547 with critical value
= 2.5018) suggest that one-parameter Rayleigh distribution
provides an adequate fit to this data set.

As a numerical illustration, we have generated artificial
progressive and conventional Type II censored samples of

10]  1.70965 1.69147 1.68693 1.67177 1.66722

TaBLE 7: Risk efficiency of j»(t)EGE with respect to 7L(t)GML under
GELF for different values of a.

s, RE; (M) M) par)

a=-0.8 a=-05 a=0.5 a=0.8
(1] 1.02079 1.01620 1.01666 1.02375
[2] 1.00559 1.00486 1.01328 1.02074
[3] 1.02288 1.01765 1.01705 1.02409
[4] 1.00670 1.00573 1.01357 1.02100
[5] 1.02306 1.01980 1.01761 1.02457
[6] 1.00836 1.00702 1.01397 1.02137
(7] 1.02443 1.02328 1.01848 1.02532
(8] 1.01092 1.00898 1.01458 1.02192
9] 1.02567 1.02690 1.02143 1.02780
[10] 1.01571 1.01255 1.01563 1.02286

size m = 20 from this data set. In the first case, we have
considered the vector of observed failure times x = (0.5833,
0.6667, 0.7222, 0.7500, 0.7778, 0.8056, 0.8889, 0.9167, 1.0000,
1.0278, 1.1111, 1.1111, 1.1667, 1.1944, 1.2778, 1.3333, 1.3611, 1.4444,
2.1389, 2.7778) with the progressive Type II censoring scheme
r = (1%5,0%10, 1%5).In the second case, we have considered
the vector of observed failure times x = (0.5833, 0.6667,
0.6944, 0.7222, 0.7500, 0.7778, 0.8056, 0.8056, 0.8611, 0.8889,
0.9167, 1.0000, 1.0278, 1.0278, 1.1111, 1.1111, 1.1111, 1.1667, 1.1667,
1.1944) with the conventional Type II censoring scheme r =
(0 * 19,10). For these samples, the risk efficiencies of the
estimates of reliability performances (at ¢ = 0.04) under GELF
were computed using the results outlined in Section 2 and
reported in Tables 8-9.

From Tables 8-9, it is observed that the risk
efficiencies RE; (Opcp> Onr)s REL(R()pgp R(E)gyy ) and
REL(X(t)EGE,X(t)GML) are greater than one for all values
of « (o = £0.5,%0.8). This indicates that the proposed EB
estimates are more preferable than GML estimates in both
considered cases.
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TABLE 8: The estimates and risk efficiencies for the progressive Type II censored data.

Ocan, = 1.11883; R(t) gy = 0.999365 A(t)gpy, = 0.03195

« ucr RE, Brce: Ogun) R®)sgs RE;, (R®)sp R gun) At)scr RE, (A5 At)ga)
-0.8 1.15179 1.08914 0.99937 1.00004 0.03105 1.02717
-0.5 1.14963 1.08625 0.99937 1.00003 0.03083 1.04094
0.5 1.14256 1.06394 0.99937 1.00001 0.03007 1.09466
0.8 1.14046 1.04728 0.99937 1.00005 0.02985 1.11571
TABLE 9: The estimates and risk efficiencies for the conventional Type II censored data.
Opa = 0.87374; R(t) gy = 0.99895; A(t) gy, = 0.05239
o Brs RE; (Brp ) R(®)gr RE; (R()ggp> R ) Mb)gc RE; (A(Dg6p A ar)
-0.8 0.89914 1.12030 0.99898 1.00005 0.05093 1.04200
-0.5 0.89748 1.11823 0.99898 1.00002 0.05057 1.06014
0.5 0.89203 1.09030 0.99898 1.00003 0.04935 1.12661
0.8 0.89041 1.06840 0.99898 1.00001 0.04898 1.15132

4. Conclusion

This paper is devoted to the comparative study of the perfor-
mance of EB and GML estimates of reliability performances.
We have obtained the GML estimates and EB estimates under
GELF when the data are progressively Type II censored from
the Rayleigh distribution. These estimates are then compared
using the risk efficiency criteria. We have presented the real
data example to illustrate the proposed estimation methods.
A Monte Carlo simulation study is carried out to compare
the performance of EB estimates with that of GML esti-
mates. The study demonstrates that the EB estimates under
GELF exhibit better performance than the GML estimates.
Moreover, the risk efficiencies get smaller with the increasing
ratio m/n. Based on the present study, the EB estimation is
recommended for the estimation of reliability performances
of the Rayleigh model.
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