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Abstract Interest on the possible future scenarios the uni-
verse could have has grew substantially with breakthroughs
on late-time acceleration. Holographic dark energy (HDE)
presents a very interesting approach towards addressing
late-time acceleration, presenting an intriguing interface of
ideas from quantum gravity and cosmology. In this work we
present an extensive discussion of possible late-time scenar-
ios, focusing on rips and similar events, in a universe with
holographic dark energy. We discuss these events in the realm
of the generalized Nojiri–Odintsov cutoff and also for the
more primitive holographic cutoffs like Hubble, particle and
event horizon cutoffs. We also discuss the validity of the gen-
eralized second law of thermodynamics and various energy
conditions in these regimes. Our work points towards the idea
that it is not possible to have alternatives of the big rip consis-
tently in the simpler HDE cutoffs, and shows the flexibility
of the generalized HDE cutoff as well.

1 Introduction

The discovery of the Universe’s late-time acceleration
marked a major milestone in cosmology [1]. Following this
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breakthrough, substantial work has been dedicated to deci-
phering this expansion and literature has explored numerous
approaches, including conventional methods such as the Cos-
mological constant [2–4], unconventional theories like Mod-
ified gravity [5–7], and models where scalar fields drive the
late-time cosmic acceleration [8–13]. Quantum gravity theo-
ries, such as Braneworld cosmology in string theory, loop
quantum cosmology, and asymptotically safe cosmology,
have also contributed to addressing the cosmic-acceleration
puzzle [14–24]. Nevertheless, inconsistencies persist, exem-
plified by the well-known Hubble tension, which underscores
the limitations of our current understanding of the Universe
and is evidenced by conflicting measurements of the Hubble
constant [25–27]. Therefore, the current epoch of the Uni-
verse raises profound questions, with the potential for signif-
icant advancements in gravitational physics to enhance our
understanding of cosmology.

Among the various proposed solutions for the issues of
late-time acceleration is the idea of applying the holographic
principle [28,29] to cosmology. This principle posits that a
system’s entropy is determined not by its volume but by its
surface area [30]. This intriguing form of dark energy (DE)
has gained interest, particularly given recent findings from
DESI [31–33], which suggest that a departure from �CDM
cannot be entirely ruled out. The initial research on holo-
graphic dark energies (HDE) by [34] suggested through a
quantum field theory (QFT) approach that a short-distance
cutoff is linked to a long-distance cutoff due to black hole
formation constraints. Specifically, if ρ represents the quan-
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tum zero-point energy density from a short-distance cutoff,
the total energy within a region of size L should not exceed
the mass of a black hole of the same size, leading to the
inequality L3ρ ≤ LM2

pl. The maximum allowable value for
the infrared cutoff (L IR ) precisely satisfies this inequality,
resulting in the relation:

ρ = 3c2L−2
IR

, (1)

where c is an arbitrary parameter, and we are using mp = 1
units1

This principle has found extensive application in cosmol-
ogy, particularly in explaining the late-time dark energy era,
known as holographic dark energy (HDE) (for a comprehen-
sive review, see [35]). In this context, the infrared cutoff,
L IR , is cosmologically significant and serves as the IR cutoff
for a specific HDE model. Numerous studies have exam-
ined holographic dark energy from various perspectives in
recent years [35–57]. Over recent decades, several alterna-
tive forms of HDE have been proposed. For example, Tsallis
HDE models incorporate Tsallis’ corrections to the standard
Boltzmann–Gibbs entropy, resulting in the equation:

ρ� = 3c2L−(4−2σ) (2)

where σ is the Tsallis parameter, assumed to be positive [58],
with the simple HDE recovered in the limit σ → 1. The
Tsallis relations are also confirmed by the quantum gravity,
and can lead to interesting cosmological setups. Conversely,
Barrow’s modification of the Bekenstein–Hawking formula
led to Barrow HDE models described by the energy density:

ρ� = 3c2L�−2 (3)

where � is the deformation parameter [59], capped at � = 1,
and the simple HDE is regained in the limit of � → 0. Bar-
row was inspired by the Covid-19 virus illustrations and he
ended up showing that quantum-gravitational effects could
introduce fractal features on the black-hole structure. This
complex structure leads to finite volume but with infinite (or
finite) area, and therefore to a deformed black-hole entropy
expression which lead to the form of the HDE energy den-
sity as above. In recent times, a substantial body of literature
has emerged focusing on the exploration of various types
of singularities that may arise in the future evolution of the
Universe. The detection of late-time acceleration has sig-
nificantly propelled such investigations [60–75]. A particu-
larly interesting class of such future events are rip scenarios,
where the universe may proceed towards progressive dis-
integration in various capacities. An interesting question to
ponder then is to ask which rip scenarios would be feasible
in the vast array of holographic dark energy models. A recent
work [56] addressed this in the context of HDE models with

1 We would like to emphasize that we shall be using the mp = 1 units
throughout the paper, for the other HDEs theories as well.

the Granda–Oliveros cutoff [38], finding that the overarch-
ing possibility is that of the big rip while its alternatives are
harder to come by. In this work we would like to go even fur-
ther and take into account all other possible forms of IR cutoff
for HDE theories and consider the feasibility of various rip
and rip-like scenarios here. We would discuss these events
with the primitive HDE cutoffs of the Hubble horizon, parti-
cle horizon and event horizon types, considering these events
with these cutoffs in the conventional HDE model (1), Tsal-
lis model (2) and Barrow model (3). We would also discuss
about the generality of the Nojiri–Odintsov cutoff (N–O cut-
off), and how it can facilitate multiple scenarios in this case
as well. In Sect. 2 we shall give a brief overview of rip scenar-
ios and some of the methods which have been discussed in a
bid to avoid them. In Sect. 3 we shall discuss the generalized
Holographic dark energy paradigm with the N–O cutoff and
look at how various future scenarios can be accommodated
in it. In Sect. 4 we shall discuss about such future events
with the Hubble horizon cutoff, while in Sects. 5 and 6 we
shall discuss it for the particle and event horizon cutoffs. In
Sect. 7 we shall discuss about the thermodynamic aspects
and the validity of energy conditions in various scenarios,
while we conclude our work in Sect. 8.

2 Rips, cosmological singularities and their avoidance
procedures

An interesting variety of rip scenarios have been put forward
in recent years. Even besides rip models, a rich literature on
future cosmological singularities has also developed and we
can summarize the rip possibilities and other singularities as
follows:

• Big Rip (Type I singularity): A well-known scenario
where, as t → t f (with t f finite), both the effec-
tive energy density and pressure density of the universe
diverge, ρe f f → ∞, pef f → −∞, and the Hubble
parameter also diverges, H → ∞ [76]. This results in
a scenario of universal destruction, where everything in
the universe undergoes progressive disintegration [76].

• Little Rip (LR): In this scenario, the density, pressure,
and Hubble parameter become infinite as t → ∞ [77].
In this case, all bound structures are eventually torn apart,
but there is no finite-time singularity.

• Pseudo Rip (PR): Here, H increases monotonically as
t → ∞, but it is bounded from above by the value H∞
so that H → H∞ as t → ∞ [78].

• Sudden singularity (Type II singularity): In the case of
type II singularities, the pressure density diverges and
so does the derivatives of the scalar factor from the sec-
ond derivative onwards [79]. The weak and strong energy
conditions hold for this singularity. Also known as quies-

123



Eur. Phys. J. C          (2024) 84:1269 Page 3 of 24  1269 

cent singularities,2 a special case of this is the big brake
singularity [81].

• Big Freeze (Type III singularity): In this case, the deriva-
tive of the scale factor from the first derivative onward
diverges. These were detected in generalized Chaplygin
gas models [82].

• Generalized sudden singularities (Type IV singularities):
These are finite time singularities with finite density and
pressure instead of diverging pressure. In this case, the
derivative of the scale factor diverges from a derivative
higher than the second [63,83].

Note that the Little Rip and Pseudo Rip are infinite future sin-
gularities while the others are finite-time singularities.These
singularities have been found and discussed in a huge array of
cosmological models, ranging from simple �CDM models,
to exotic models of all kinds like Chaplygin gas, scalar field
dark energy models, modified gravity theories, Braneworld
cosmologies etc. [74,75]. With such singularities being found
in various models, a natural interest also grew in finding
ways to avoid, delay or outright remove these singularities.
An approach to mitigating or delaying singularities involves
considering the effects of conformal anomalies. The impact
of quantum backreaction of conformal matter on Type I, Type
II, and Type III singularities was explored in [60,62,84].
Around singularity time t = ts , the curvature of the universe
becomes large, although the scale factor a remains finite for
Type II and III singularities. Quantum corrections, which typ-
ically involve powers of curvature or higher derivative terms,
become significant near the singularity.

Conformal anomalies occur due to the presence of one-
loop vacuum contributions from various matter fields, break-
ing the conformal invariance of the matter action in the renor-
malized action. The trace of the energy-momentum tensor in
a conformally invariant theory is zero classically, but renor-
malization leads to a non-zero trace, known as the conformal
anomaly. The conformal anomaly can be expressed as [62]:

TA = b

(
F + 2

3
�R

)
+ b′G + b′′�R (4)

where TA is the trace of the stress-energy tensor, F is the
square of the 4D Weyl tensor, and G is the Gauss–Bonnet
curvature invariant, defined as:

F = 1

3
R2 − 2Ri j R

i j + Ri jkl R
i jkl (5)

G = R2 − 4Ri j R
i j + Ri jkl R

i jkl (6)

The coefficients b and b′ are given by:

b = N + 6N1/2 + 12N1 + 611N2 − 8NHD

120(4π)2 (7)

2 This name originally appeared in contexts related to non-oscillatory
singularities [80].

b′ = −N + 11N1/2 + 62N1 + 1411N2 − 28NHD

360(4π)2 (8)

where N is the number of scalar fields, N1/2 is the number
of spinor fields, N1 is the number of vector fields, N2 (which
can be 0 or 1) represents gravitons, and NHD denotes higher
derivative conformal scalars. Typically, b > 0 and b′ < 0
for ordinary matter, except for higher derivative conformal
scalars, while b′′ can be arbitrary.

Quantum effects due to the conformal anomaly act as
a fluid with energy density ρA and pressure pA. The total
energy density is ρtot = ρ + ρA. The conformal anomaly
(trace anomaly) can be given by:

TA = −ρA + 3pA (9)

Using the continuity equation, we have [62]:

TA = −4ρA − ρ̇A

H
(10)

In standard cosmology, ρA can be expressed as an integral
in terms of TA:

ρA = − 1

a4

∫
a4HTAdt (11)

Furthermore, TA can be written in terms of the Hubble
parameter:

TA = −12bḢ2 + 24b′(−Ḣ2 + H2 Ḣ + H4)

−(4b + 6b′′)(H (3) + 7H Ḧ + 4Ḣ2 + 12H2 Ḣ) (12)

Using this, ρA can be derived to account for confor-
mal anomaly effects near singularities. One can then find
out that this setup can mitigate quite a few future rips and
singularities. Consider the EOS being taken of the form
p = −ρ − f (ρ) with fρ) = Bρβ , where B and β are
positive constants. This is a form which has been shown to
be a valid cosmology to give quite a few future singularities
including the big rip, and these conformal anomaly effects
are enough to alleviate even the big rip in this case [60]. The
conformal anomaly effects do not always work [85], how-
ever, they are nonetheless quite effective. There are other
approaches to mitigating these singularities as well, one such
being about considering in a modified gravity background
[6,7,86]. One can even consider cosmologies with varying
physical constants, like speed of light or the gravitational
constant [87]. It has been shown to regularize cosmological
singularities in certain scenarios [88–91]. A common theme
in these approaches is that they consider ways of modify-
ing the background gravitational theory or other fundamen-
tal essentials of standard cosmology in order to alleviate the
issues of singularities. We would now like to discuss in the
next section how holographic dark energy approaches this
scenario, and how it can alleviate rips and other singularities
in the generalized HDE scenario.
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3 Generalized holographic dark energy and late-time
scenarios

There has been a flurry of work on the paradigm of Holo-
graphic dark energy theories in recent times. This has resulted
in a diversified literature where various forms of the energy
density of the HDE alongside various potential cutoff scales
have been discussed. The initial HDE proposals had dealt
with the simple IR cutoff where the scale L was identified
with

L → H−1 (13)

where H is the Hubble parameter, with this cutoff being
regarded as the Hubble horizon cutoff. More involved cut-
offs included those where the cutoff was identified with the
particle Horizon

L p = a
∫ t

0

dt

a
(14)

or with the future cosmological event horizon

L f = a
∫ ∞

a

dt

a
(15)

These different cutoff choices, while popular, had their own
set of issues as well. In the case of the Hubble horizon for
example, it was found that this particular scale resulted in
an equation of state approaching zero, failing to contribute
significantly to the current accelerated expansion of the uni-
verse. In the particle horizon approach the equation of state
parameter higher than − 1

3 but the struggle of explaining the
present acceleration remained as it was. In the event horizon
case one was getting the desired results, although at the cost
of issues with regards to causality, posing a significant obsta-
cle to its viability.3 Another choice which was then proposed
for the HDE cutoff was the Granda–Oliveros cutoff, where
one has

L =
(
αH2 + β Ḣ

)−1
2

(16)

This cutoff4 was proposed in order alleviate the issues that
the former cutoffs and while it does give desired results in
a large number of cases, arguably better performing than
the previous cutoffs, one can still have other issues like a
prominent one with regards to the classical stability of the
HDE models. This comes around due to the fact that vari-
ous HDE models, in all 4 cutoffs as discussed above, have
been seen to have negative squared sound speeds which is

3 Note that these observations are in regards to these cutoffs being used
in the conventional HDE energy density setup with ρDE → L−2 (1),
however these worries have been expressed in other HDE models with
these cutoffs as well.
4 Note that these models have also been referred to as “generalized
ghost dark energy” as well [92].

indeed a worrisome feature. There are other issues where the
Granda–Olvieros can, in principle, perform better than the
other cutoffs as well like with regards to validity of energy
conditions and the validity of the generalized second law of
thermodynamics in models with these cutoffs.

A general observation one can make here is that the results
in HDE scenarios become better suited given a more suitable
and dynamic interplay of cosmological parameters in the cut-
off scale. Another key point to note is that a prominent issue
of the original holographic dark energy model [93], where
the infrared cutoff was chosen as the size of the event hori-
zon, was that the corresponding FLRW equations often do
not correspond to any covariant gravity theory and even may
not predict universal acceleration appropriately. With these
notions in mind, one turns their attention to the generalized
holographic dark energy scenario, where L is identified by
the N–O given as [53]

L = L(L p, L̇ p, L̈ p, . . . , L f , L̇ f , L̈ f , . . . , H, Ḣ , Ḧ , . . .)

(17)

As is clear from (17), this cutoff scale encapsulates all the
previous proposals we have discussed. All of the Hubble,
particle, event and Granda–Oliveros cutoff scales turn into
special cases of this generalized N–O cutoff scheme. Given
the general and quite unique setup of the cutoff, it is hence of
interest to study late universe events in this paradigm as well.
Recently in [56] the authors showed discussed about the pos-
sibility of various rip events in quite a few HDE models with
the Granda–Oliveros cutoff. The authors were able to show
that the overarching possibility in such models is the Big rip,
which can happen in almost any HDE model while a pseudo
rip is also a real possibility in some cases. The curious fea-
ture is that the little rip occurs is virtually impossible to have
in HDE scenarios with this cutoff. Given the fact that the G-
O cutoff in general presents a more complete HDE scenario
than the simple Hubble, particle and event horizon cases, it
is indeed an interesting result. Building on this, however, one
can then also ask about the possibility of various rip events
in the the N–O cutoff and we would like to briefly discuss
this as well.

For the moment, we shall consider the conventional HDE
energy density (1) i.e. we are not considering any extended
HDE scenarios like Tsallis, Barrow etc. Considering that in
the very late universe, dark energy is the dominant mate-
rial component one can say, without loss of generality, that
ρDE > ρm, ρr , where ρm and ρr mean the matter and radi-
ation energy densities, respectively. With this in mind, one
can then write using the Friedmann equation

H2 = ρ

3
∼ ρDE

3
(18)
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while being given the cutoff (16)

∫ H f

Hi

βc2dH

H2(1 − αc2)
=

βc2
(

1
Hi

− 1
H f

)
1 − αc2 =

∫ t f

ti
dt. (19)

From this it is pretty clear that in the context of this HDE
model with the Granda–Oliveros cutoff, only a big rip sce-
nario can be allowed for. In general now, one can find an
integral of the form [56]
∫ H f

Hi

dH

g(H)
=

∫ t f

ti
dt (20)

The above integral can come from various HDE models in
the G-O cutoff paradigm, including various modifications
of the simple HDE energy density. For H f → ∞, if the
integral on the LHS (20) then we have t f → ∞ as well,
which means that a little rip could be a possibility. Similarly
if the LHS stays finite for H f → ∞ then a big rip could
happen while if the integral diverges for a finite H f then we
have a pseudo rip scenario. However, the above integral can
also be obtained from the generalized N–O cutoff as well
and one can work through the corresponding integrals with
the same conditions to talk of rips in those cases as well.
Here we would like to make the case that in the generalized
cutoff scale events which are “forbidden” in the G-O cutoff
scale can also take place here. Consider for example a more
involved form of (16), given as

L = (α1H + α2H
2 + α3H

3 + β Ḣ)−
1
2 (21)

where α1, α2 and α3 are constants. Note that (21) becomes
the Granda–Oliveros cutoff in the limit α1, α3 → 0. In this
case, we have the corresponding integral on the LHS as in
(20) as
∫ H f

Hi

dH

−α1H + (1 − α2)H2 − α3H3

= β

2α1

⎡
⎢⎢⎢⎢⎣

2(α2 − 1) tan−1

(
α2+2α3H−1√

4α1α3−α2
2+2α2−1

)

√
4α1α3 − α2

2 + 2α2 − 1

+ ln

(
(α1 + H(α2 + α3H − 1))

H2

)
⎤
⎥⎥⎥⎥⎦ + constant (22)

We see that for

H →
√

4α1α3 − α2
2 + 2α2 − 1 − α2 + 1

2α3

the integral in (22) diverges, which means this is the H takes
as t f → ∞. This means that in a dark energy model with

monotonically increasing DE energy density, H takes a finite
value at infinite times which signifies that we could have a
pseudo rip on our hands here. This goes to show that even
form a seemingly extended form of the G-O cutoff as in (21),
which is again just yet another formulation of the N–O, can
give us a pseudo rip scenario even when the form of the
energy density is just of the conventional form. We may not
even need to just rely on the integral approach in certain cases
and can see more exact formulations as well. Consider the
following form of (17) for example [36]

c

L
= 1

L
=

(
1 − 1

t0h0

)
1

L f
+ 2h0

t0h1
+ h1

t0

(
1 − h2

0

h2
1

)
L f

(23)

where we have henceforth set c = 1 (which is valid in these
generalized schemes), with h0, t0, h1 being constants with
h0 > h1. In this case, one can use the Friedmann equation to
get the Hubble parameter to be in the form

H(t) = h1

t0
(
h0 − h1 tanh

(
t
t0

))
cosh2

(
t
t0

)

+h0 − h1 tanh

(
t

t0

)
(24)

One sees in this case as well that as t → ∞, H → h0 − h1,
which is again a constant value and one sees again a situation
of a pseudo rip. In this case one can also write

ρ̇ = 2ρ L̇ f

H
√

	d

(
α2 − α0

L2
f

)
(25)

where 	d is the fractional energy density parameter for DE.
One can also find that

1

L f
= h0 − h1 tanh

(
t

t0

)
(26)

One can use this form of L f in (25) and find that even
other forms of cosmological singularities. Besides the Big
Rip(Type I) and Big Freeze (Type III) singularities, there are
other interesting future singularities that one also sees in var-
ious cosmological models, which include sudden (type II)
and generalized sudden singularities (type IV), as we had
discussed before. One can write using (24) that

Ḣ = 1

t2
0

⎛
⎜⎝ (h1 − h0)(h0 + h1)(

h0 cosh
(

t
t0

)
− h1 sinh

(
t
t0

))2 + (1 − h1t0) sech2
(

t

t0

)⎞
⎟⎠

(27)

Ḧ = 1

t3
0

2

⎛
⎜⎝ (h0 − h1)(h0 + h1)

(
h0 sinh

(
t
t0

)
− h1 cosh

(
t
t0

))
(
h0 cosh

(
t
t0

)
− h1 sinh

(
t
t0

))3

+(h1t0 − 1) tanh

(
t

t0

)
sech2

(
t

t0

) ⎞
⎠ (28)
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We note interestingly that for no values of t, either finite or
infinite, does the Hubble parameter or its derivatives diverge
in the above cases. Furthermore, the expressions for the pres-
sure and the energy density, which we do not reproduce here
owing to their length, show the same behaviour. This shows
that even type II and type IV singularities do not occur for
this cutoff choice. Another example of a N–O cutoff is

L = (β Ḣ2)−
1
2 (29)

Using this form of the cutoff, we end up with the Hubble
parameter as

H(t) = H0e
t−t0√

β (30)

This form of the cutoff can accommodate a Little rip scenario
as H diverges here at infinite times. The reason we have con-
sidered these cases here is in order to have a gauge on whether
or not the more generalized HDE cutoff can provide us with
more flexibility in allowing for more late-time events when
compared with the G-O cutoff. It indeed seems to be the case
here, as we have seen with the cutoffs in (21), (23) and (29),
and how they could naturally allow for pseudo or little rip sce-
narios even with the conventional HDE energy density (1).
The rip possibilities one can ponder with the N–O cutoffs
in extended HDE models like Tsallis, Barrow, Kaniadakis
etc. would then be even more interesting to study. It is so as
one can even be looking at the possibility that, given certain
parameter ranges for the free parameters of these regimes, all
three of these rip scenarios could be allowed for or avoided as
well in the N–O scheme. This reinforces the point which was
briefly mentioned in [56], which was about the possibility of
the N–O cutoff in general representing the most viable way to
have various late time scenarios. We can make a comment in
general, based on the discussions of the cutoffs above. Con-
sider depicting two kinds of generalized N–O cutoffs, one
being the “Hubble type”

L = L(H, Ḣ , Ḧ . . .) (31)

The other being the “P–E type”

L = L(L p, L̇ p, L̈ p . . . , L f , L̇ f , L̈ f . . .) (32)

One would realize that the Hubble type (31) encapsulate
the Hubble horizon (13) and the G-O cutoff (16) as special
cases while the P–E type5 encapsulates all possible cases
with the particle horizon (14) and event horizon (15) cutoffs.
Of course, both these formulations are just ways to rephrase
the N–O cutoff (17) but it is important to make the distinc-
tion here with regards to how rips and singularities come
by. In general we would like to comment that one would

5 By “P–E” we aim to acronymize the Particle and Event horizon type
into a single phrase, as this cutoff represents all possible combinations
of these scales.

observe models with cutoffs of the Hubble type (31), like
(21)–(29), more easily produce scenarios with rips, singu-
larities and similar futures, given the more direct correspon-
dence of ρ → f (H) in that case. Such a correspondence
leads to cases where any blow ups in H would lead to blow
ups in the densities as well, either in finite or infinite time and
it would be more difficult to avoid rips and singularities in
these cases. Furthermore, as mentioned before, it could very
well be the case that if one considers more extended forms
of the energy density (1) then the free parameters associ-
ated with the models could define ranges in their parameter
space where rips and similar events could both be accom-
modated and avoided, but strictly speaking from the con-
ventional HDE point of view the Hubble type cutoffs would
be more difficult in terms of avoiding such blowups. On the
other hand, the cutoffs of the P–E type (32) like (32) would
lead to more non-singular and rip free universes. Indeed it has
well known that HDE models with simple particle or event
horizon cutoffs readily allow for big rip scenarios, but our
comment concerns cases where one considers general func-
tions of these cutoffs as in (32). One can say that eventually
the correspondence between ρ → f (H) would stay in both
cutoff bifurcations, but differences come about more clearly
by how the DE energy density ρ̇ evolves in cases of the Hub-
ble types and of the P–E type. So in general one may observe
that cosmologies with N–O cutoff of the form (32) are more
non-singular than those of the form (31).

But going a step back, one is left to wonder whether if the
GO cutoff is not able to support various ends of the universe,
could the more simple cutoffs do? One can indeed argue
that in general we would not want to have rips etc. in the
universe, but it has already been discussed frequently in the
literature that big rips can occur in various HDE models so
it is natural to ask whether alternatives of the big rip and
alike events can also be consistently plausible too. Another
way to study these late-time events would be by utilizing the
ansatz’ for these scenarios, and using them to find the forms of
relevant observational and theoretical parameters to ascertain
the consistency of these events in various models. We would
like to now employ this approach to study about the status
quo of various late time events with the Hubble, Particle and
Event horizon cutoff schemes. In order to make the analysis
more extensive, we shall also consider the Tsallis and Barrow
models alongside the conventional HDE model in our work,
which in total provides us with 9 models (prospectively) to
look at. In the subsequent sections we would be discussing
about various subtleties of rips and similar events in such
models and will try to gauge the flexibility of the simpler
cutoffs in addressing various late-time events in the universe.
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4 Future events with Hubble horizon cutoff

In all the ensuing work, we shall consider an interacting dark
sector. One can explore an interaction between dark energy
and dark matter by incorporating the following continuity
equations:

ρ̇� + 3Hρ�(1 + w�) = −Q (33)

ρ̇m + 3Hρm(1 + wm) = Q (34)

In this context, ρ� and ρm denote the energy densities of
dark energy and dark matter, respectively. The symbol w�

stands for the equation of state parameter for dark energy,
while wm represents the equation of state parameter for dark
matter. The interaction between these two components is
described by the term Q. It is important to specify here that
the sign infront of Q in RHS in the above equations specifies
the kind of interaction in the dark sector, with -Q on the RHS
in (33) and +Q on the RHS of (34) showing that we con-
sider a scenario where gradually ρm is decaying into ρd . If
the signs were flipped in the continuity equations above, then
the reverse decay from DE to DM would instead be seen.

To simplify our analysis, we focus exclusively on the con-
tributions of dark energy and dark matter to cosmology. The
interaction term Q can be expressed in either linear or non-
linear forms. Examples include:

Q = 3Hb(ρ� + ρm) (35)

Q = 3Hb
ρ2

�

ρ�ρm
(36)

In these equations, b is a coefficient that determines the
strength of the interaction. The different linear and nonlinear
forms of Q allow for an exploration of various dynamics
within the interacting dark sectors. Before considering any
specific ansatz, it is crucial to perform some general analysis
that is independent of any particular ansatz. Additionally, we
define the fractional energy densities for dark energy (DE)
and dark matter (DM) as follows:

	� = ρ�

3H2 (37)

	m = ρm

3H2 (38)

Here, ρ� is dependent on the specific model of holo-
graphic dark energy (HDE) chosen. We shall employ various
ansatz’ here for the Hubble parameter to study the little rip
and pseudo rip scenarios (see [94]) with a little rip ansatz
being

H(t) = H0 exp(λt) (39)

While another variant for the little rip ansatz is

H(t) = H0 exp(C exp(λt)) (40)

The ansatz for the Pseudo rip can be given as

H(t) = H0 − H1 exp(−λt) (41)

whereC, H0, H1 and λ are positive constants with H0 > H1.
While these ansatz’ are generally applicable, in [95] it was
studied how the ansatz should be developed for the particu-
lar case of Braneworld cosmologies. In such a scenario we
have, the ansatz for the case of a Little rip, asymptotic dS
(Pseudo rip) and Big Freeze in the scenario of a Braneworld
background are given as,

a(t) = a0 exp

⎡
⎣ λb

3α2 cosh

⎛
⎝

√
3α3

2λb
t

⎞
⎠

⎤
⎦ (42)

a(t) = a0 exp

⎡
⎣−β2

2

⎡
⎣ 1

cos η0
−

√
1 +

(
tan η0 +

√
α

β
t

)2
⎤
⎦

⎤
⎦ (43)

a(t) = a f exp

[
− λb

3α2

(
1 − 3α3t2

2λb

)1/2
]

(44)

where a0, a f , α are positive constants while λb is the brane
tension. In the case of the Asymptotic dS (43) β and η0 are
also positive constants, with β being in terms of λb and α.
Also it is worth noting that the Little rip (42) and Big Freeze
(44) cases are possible with positive brane tension λb > 0
while the asymptotic dS case occurs with a negative brane
tension λb < 0.

We start off with the Hubble horizon cutoff where we have

L → H−1

To start our analysis consider the usual HDE model, (1) from
where we can write

ρ̇ = −2ρ
L̇

L
(45)

In the case of the cutoff (13), we have

− L̇

L
= Ḣ

H
(46)

From which we end up with the expression

ρ̇ = 2Ḣρ

H
(47)

We can then use it in the continuity equation (33) to get the
equation of state parameter for dark energy as

w = −1 − 1

3H	d

(
Q

3H2 + 2Ḣ	d

H

)
(48)

Similarly for the case of the Tsallis paradigm with (2), we
end up with

ρ̇ = (4 − 2σ)Ḣρ

H
(49)

w = −1 − 1

3H	d

(
Q

3H2 + (4 − 2σ)Ḣ	d

H

)
(50)
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While in the Barrow case with (3) We have

ρ̇ = (2 − �)Ḣρ

H
(51)

w = −1 − 1

3H	d

(
Q

3H2 + (2 − �)Ḣ	d

H

)
(52)

We can now perform some plots in this regard. Firstly we
consider the ansatz (39) and we plot the EOS parameter and
squared sound speed, given by

v2
s = w + ẇρ

ρ̇
(53)

In Fig. 1 we have plotted the EOS parameter and squared
sound speed for both linear and nonlinear interactions in the
ansatz (39)6. As is seen in Fig. 1, the EOS parameter for the
first ansatz in the Hubble horizon cutoff is hovering around
realistic values and asymptotes to -1 as in the case of usual
rips. However, the squared sound speed is always negative
and so there is no classical stability for the scenario. We also
note that the results are the same for both linear and nonlinear
regimes, which is a theme we observed for all the cases which
we shall discuss from here onwards. Thereby we have only
shown the plots for the linear interactions in the below cases
as the plots have been seen to be almost the same in both
linear and nonlinear regimes in all cases.

In Fig. 2 we have plotted for the second LR ansatz (40)
and PR (41). What is seen again is that the EOS parameter
asymptotes to -1 in both cases and the evolution of the EOS
parameter is around acceptable values but the squared sound
speed is again completely negative. This trend stays the same
for the case of the nonlinear case too, which is why we haven’t
shown the plot for that case.

In Fig. 3 we have now plotted for the EOS parameter
and squared sound speed in LR (42), Big Freeze (44) and
asymptotic dS (43) again only in the linear regime for reasons
mentioned above. We see that the Little rip and Asymptotic
dS cases show acceptable evolution of the w parameter but
peculiar behaviour is seen in the case of Big Freeze. In all
these cases, again, there persists classical instability. From
here we can conclude that none of the rip or rip-like events can
be viable in the Hubble horizon cutoff given the conventional
DE model.

In Fig. 4 we have plotted for the EOS parameter and
squared sound speed in both LR ansatz and PR in the case of
the Tsallis paradigm. We have plotted for the whole spectrum
of the Tsallis parameter values to tack in generality. We see
that the EOS parameter again asymptotes around -1 and has

6 For all the plots, here and thereafter, we have taken the following
values for all the parameters in all the 6 ansatz mentioned above: 	d =
0.69, 	m = 0.258, α = 2, a0 = 1,a f = 1, b = 0.03, β = 2, c = 0.4,
H0 = 1, H1 = 0.8, λ = 2 and η0 = 4. These parameters have been
taken with the above values to be consistent with observational bounds
and also with theoretical requirements on the same.

acceptable behaviour but even the Tsallis case is riddled with
instabilities for all ranges of the free parameter.

In Fig. 5 we have plotted similarly for the Tsallis case in
the Braneworld for LR, Big Freeze and asymptotic dS. We
again see that there is some peculiar evolution in the case
of the big freeze in its EOS but the EOS evolution for LR
and asymptotic dS seem fine. Again there are instabilities,
even though the Big Freeze case starts off slightly positive
with regards to its squared sound speed but becomes negative
again.

We then plotted for the same in Fig. 6 for the Barrow model
with for the both LR ansatz and PR. We again see that the EOS
parameter has acceptable evolution but the squared sound
speed is negative in all cases which again shows instabilities.

In the case of the Barrow model with a Braneworld, we
have plotted for the LR, Big Freeze and Asymptotic dS cases
in Fig. 7. We see that the trend is similar to the usual non
Barrow case even for all ranges of the deformation parameter
and again there is no stability. So we would like to conclude
from here that these rip and rip-like events are not viable even
in Tsallis and Barrow in the Hubble horizon cutoff.

5 Future events with particle horizon cutoff

In the case of the particle horizon cutoff, we have

L̇

L
=

(
H + 1

L

)

Now using this, we can write

ρ̇ = −2ρH

(
1 +

√
	d

c

)
(54)

From this expression itself we can come to a very strong
conclusion. For any rip event, either big rip, little rip, pseudo
rip etc. we need the energy density of DE to be monotonically
increasing but in this case it is completely evident that the
energy density is monotonically decreasing. Hence in the
particle horizon cutoff with the usual DE model, we cannot
have any rip scenario occurring. Similarly in the case of the
Barrow model with the particle horizon cutoff we have

ρ̇ = −(2 − �)ρH

(
1 +

√
	d

c

)
(55)

We again see that the energy density will be monotonically
decreasing in this case as well, as � ≤ 1. In the case of the
Tsallis model we have

ρ̇ = −(4 − 2σ)ρH

(
1 +

√
	d

c

)
(56)

In the case of the Tsallis model there could be a possibility
energy density could be monotonically increasing when σ >

2 and so rips may be possible.
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Fig. 1 Plots of the dark energy EOS parameter and squared sound speed for first LR ansatz, for both linear and nonlinear regimes for the Hubble
horizon case. The upper panel shows the EOS parameter and the lower panel shows the squared sound speed, going from linear to nonlinear regimes
from left to right

In Fig. 8 we have plotted for both LR ansatz and PR as
we had discussed before, but for Tsallis models with particle
horizon cutoff with σ > 2. Again, there is no difference in
the plots and their conclusions in the linear and non-linear
interaction cases. We see that similar to the cases as of before,
the squared sound speed remains negative in all cases, while
for larger values of σ , even the equation of state parame-
ter touches an unrealistic range for LR as well, while it is
certainly true for all range in PR.

In Fig. 9 we have plotted for the LR, asmyptotic dS and Big
Freeze cases in a BraneWE again see that there is not much
hope for classical stability even in these cases, while the EOS
parameter is fine lower values of σ for LR and asymptotic
dS case, for the Big Freeze even that is beyond an acceptable
range.

6 Future events with event horizon cutoff

In the case of the event horizon, we have the following in the
usual HDE model

ρ̇ = 2ρ

⎛
⎝

(
	d H2

c2

) 1
2

− H

⎞
⎠ (57)

The EOS parameter is

w = −1 − 1

3H	d

⎡
⎣(2)	d

⎛
⎝

(
	d H

2

c2

) 1
2

− H

⎞
⎠ − Q

3H2

⎤
⎦

(58)

While in the Tsallis model

ρ̇ = (4 − 2σ)ρ

⎛
⎝(

	d H2

c2

) 1
4−2σ

− H

⎞
⎠ (59)

w = −1 − 1

3H	d⎡
⎣(4 − 2σ)	d

⎛
⎝(

	d H2

c2

) 1
4−2σ

− H

⎞
⎠ − Q

3H2

⎤
⎦ (60)

And for the Barrow model, we have

ρ̇ = (2 − �)ρ

⎛
⎝

(
	d H2

c2

) 1
2−�

− H

⎞
⎠ (61)
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Fig. 2 Plots of the dark energy EOS parameter and squared sound speed for second LR ansatz and PR. The upper panel shows the EOS parameter
and the lower panel shows the squared sound speed, going from LR to PR from left to right in the linear interaction regime

Fig. 3 Plots of the dark energy EOS parameter and squared sound
speed for LR, Big Freeze and Asymptotic dS scenarios in the
Braneworld for the Hubble horizon case. The upper panel shows the

EOS parameter and the lower panel shows the squared sound speed,
going from LR to Big Freeze to Asymptotic dS from left to right, in the
linear interaction regime
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Fig. 4 Plots of the dark energy EOS parameter and squared sound
speed for both LR ansatz and PR in the Tsallis paradigm for various
values of the Tsallis parameter for the Hubble horizon case. The upper

panel shows the EOS parameter and the lower panel shows the squared
sound speed, going from LR 1 to LR 2 to PR from left to right, in the
linear interaction regime

Fig. 5 Plots of the dark energy EOS parameter and squared sound
speed for LR, Big Freeze and Asymptotic dS scenarios in the
Braneworld in the Tsallis case for the Hubble horizon case. The upper

panel shows the EOS parameter and the lower panel shows the squared
sound speed, going from LR to Asymptotic dS to Big Freeze from left
to right, in the linear interaction regime

Fig. 6 Plots of the dark energy EOS parameter and squared sound
speed for both LR ansatz and PR in the Tsallis paradigm for various
values of the Tsallis parameter for the Hubble horizon case. The upper

panel shows the EOS parameter and the lower panel shows the squared
sound speed, going from LR 1 to LR 2 to PR from left to right, in the
linear interaction regime
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Fig. 7 Plots of the dark energy EOS parameter and squared sound
speed for LR, Big Freeze and Asymptotic dS scenarios in the
Braneworld in the Barrow case for the Hubble horizon case. The upper

panel shows the EOS parameter and the lower panel shows the squared
sound speed, going from LR to Asymptotic dS to Big Freeze from left
to right, in the linear interaction regime

Fig. 8 Plots of the dark energy EOS parameter and squared sound speed for both LR ansatz and for PR with particle horizon case. The upper panel
shows the EOS parameter and the lower panel shows the squared sound speed, going from linear to nonlinear regimes from left to right

Fig. 9 Plots of the dark energy EOS parameter and squared sound speed for both LR ansatz and for PR with particle horizon case. The upper panel
shows the EOS parameter and the lower panel shows the squared sound speed, going from linear to nonlinear regimes from left to right
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Fig. 10 Plots of the dark energy EOS parameter and squared sound speed for both LR ansatz and PR. The upper panel shows the EOS parameter
and the lower panel shows the squared sound speed, going from LR 1 to LR 2 to PR from left to right, in the linear interaction regime

w = −1 − 1

3H	d⎡
⎣(2 − �)	d

⎛
⎝(

	d H2

c2

) 1
2−�

− H

⎞
⎠ − Q

3H2

⎤
⎦ (62)

In Fig. 10 we have plotted for both LR ansatz and PR for
the case of the event horizon cutoff in the conventional HDE
model. What one sees is a recurring pattern again, namely that
the squared sound speed is negative while the EOS parameter
hovers around viable values.

In Fig. 11 we have plotted for the Braneworld case for the
same and we again see that there is not much hope for viable
scenarios. The Big Freeze case initially produces positive
squared sond speed values which eventually become negative
again.

In the Barrow case for both the LR ansatz and PR as in
Fig. 12, we see that the first LR unrealistic values for both
w and the squared sound speed parameter as well. The case
of the PR also produces overtly negative values for both the
squared sound speed and EOS parameters, while the second
LR seemingly gives values of the squared sound speed close
to 0 but it is still negative.

In Fig. 13 we see that the Barrow model in the Braneworld
also suffers from similar issues for all future events. There is
no hope for stability and even the evolution of the dark energy
EOS parameter is seemingly going off course for various
values of the free parameter.

In Fig. 14 we see that for the case of the first LR variant,
there is unrealistic evolution for both the EOS parameter and
the squared sound speed parameter as well. The second LR
variant shows very erratic behaviour but is closer to accept-
able values for the EOS parameter however for the squared
sound speed parameter it is still negative. For the PR case the

story still remains the same and we again have no scenario
where there is even a slight hope of stability as well.

In Fig. 15, we have plotted the dark energy EOS parameter
and the squared sound speed for various values of the Tsallis
parameter in the linear interaction for the Little rip scenario
and we clearly see that while the squared sound speed seems
to be in acceptable region (∼ 0 ), the EOS parameter taking
values ∼ 0 is quite alarming and shows unrealistic values of
the parameter. Exactly similar trend is seen when one plots
for the same scenario in the non-linear model, as seen in
Fig. 16.

When one discusses the Big Freeze singularity in the linear
interaction as in Fig. 17, we see again that the EOS parameter
takes values ∼ 0 while squared sound speed shows values
slightly below 0 or ∼ 0 for various ranges of the Tsallis
parameter.

Discussing the same in the non linear interaction in Fig. 18,
we see that the EOS parameter is still acting the same but the
squared sound speed now shows jumps and takes on absurdly
negative or positive values, which are both not acceptable.

When one discusses the asymptotic dS case however, we
do see some viable results. As plotted for the linear interac-
tion case in Fig. 19, we see that for high values of σ , prefer-
ably σ > 2.5, the EOS parameter is in acceptable regions
hovering around realistic negative values while at the same
time, the squared sound speed maintains very small positive
values close to 0.

When one considers the non-linear interaction in this sce-
nario as in Fig. 20, we see that smaller values of σ , in the
region 1.5 < σ < 2 produce viable values of the EOS param-
eter but all models for all ranges of σ do not lead to viable
sound speeds as they hover around the value of −1 only.
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Fig. 11 Plots of the dark energy EOS parameter and squared sound speed for LR, Big Freeze and asymptotic dS. The upper panel shows the
EOS parameter and the lower panel shows the squared sound speed, going from LR to Big Freeze to asymptotic dS from left to right, in the linear
interaction regime

Fig. 12 Plots of the dark energy EOS parameter and squared sound speed for both LR ansatz and PR in the Barrow paradigm. The upper panel
shows the EOS parameter and the lower panel shows the squared sound speed, going from LR 1 to LR 2 to PR from left to right, in the linear
interaction regime

So one sees that from all these rip scenarios available, the
only one which is looking viable as of now is the Asymptotic
dS scenario with linear interaction for high values of the
Tsallis parameter. An interesting thing to note in the Tsallis
cases is that there is at least some degree of difference in
behaviours in linear and nonlinear interaction regimes in the
behaviour of some of the scenarios.

7 Thermodynamics and energy conditions

It is also important to address another aspect that could help
ensure the consistency of holographic dark energy models,
namely thermodynamics. The thermodynamic implications,
especially the validity of holographic dark energy models

concerning the generalized second law of thermodynamics,
were recently examined in [96]. It is well known that the
thermodynamic analysis of gravitational theories offers a
fascinating interface with cosmology. The thermodynamic
properties that hold for a black hole are equally applicable
to a cosmological horizon. Moreover, the first law of ther-
modynamics, which holds at a black hole horizon, can also
be derived from the first Friedmann equation in the FLRW
universe when the universe is bounded by an apparent hori-
zon. This provides strong motivation to select the apparent
horizon as the cosmological horizon to examine the thermo-
dynamic properties of any cosmological model.

Motivated by these arguments, we consider the universe
as a thermodynamic system bounded by the cosmological
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Fig. 13 Plots of the dark energy EOS parameter and squared sound
speed for LR, Big Freeze and asymptotic dS in the Barrow paradigm.
The upper panel shows the EOS parameter and the lower panel shows

the squared sound speed, going from LR to Big Freeze to asymptotic
dS from left to right, in the linear interaction regime

Fig. 14 Plots of the dark energy EOS parameter and squared sound speed for both LR ansatz and PR in the Tsallis paradigm. The upper panel
shows the EOS parameter and the lower panel shows the squared sound speed, going from LR 1 to LR 2 to PR from left to right, in the linear
interaction regime

Fig. 15 Plots of dark energy EOS parameter and squared sound speed against time in the linear interaction for the Braneworld Little rip case in
the Tsallis scenario
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Fig. 16 Plots of dark energy EOS parameter and squared sound speed against time in the non-linear interaction for the Braneworld Little rip case
in the Tsallis scenario

Fig. 17 Plots of dark energy EOS parameter and squared sound speed against time in the linear interaction for the Braneworld Big Freeze case in
the Tsallis scenario

Fig. 18 Plots of dark energy EOS parameter and squared sound speed against time in the non-linear interaction for the Braneworld Big Freeze
case in the Tsallis scenario

apparent horizon, with the radius [97] given by:

rh =
(
H2 + k

a2

)−1/2

(63)

For a flat universe (k = 0), this simplifies to:

rh = 1

H
(64)
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Fig. 19 Plots of dark energy EOS parameter and squared sound speed against time in the linear interaction for the Braneworld Asymptotic dS case
in the Tsallis scenario

Fig. 20 Plots of dark energy EOS parameter and squared sound speed against time in the non-linear interaction for the Braneworld Asymptotic
dS case in the Tsallis scenario

Considering that the major contributions to the entropy of
the universe come from the dark sectors in addition to the
cosmological horizon, we can write:

Stot = S� + Sm + Sh (65)

where Sh is the horizon entropy. The time evolution of S� and
Sm can be expressed using the first law of thermodynamics
as follows:

T Ṡ� = Ė� + p�V̇ (66)

T Ṡm = Ėm + pmV̇ (67)

where V = 4πr3
h

3 is the horizon volume, with

E� = 4πr3
hρ�

3

and

Em = 4πr3
hρm

3

The time evolutions of the energy densities are given by
the continuity equations (33) and (34). The temperature T of
the apparent horizon is given by 7

T = 1

2πrh
= H

2π
(68)

The entropy of the horizon depends on the HDE model we
consider. In the case of the simple HDE, we use the usual
Bekenstein–Hawking entropy, which can be written as:

Sh = A

A0
(69)

7 We have considered the Gibbons–Hawking temperature here for the
cosmological apparent horizon. This has been a consideration which
has been prevalent in studies of the thermodynamics of HDE before as
well, see for example [96,98]. This temperature is indeed apt for a dS
epoch and this consideration is fine in our study as we are interested in
the properties of the very late universe here, which evolves towards an
dS space with equilibrium conditions intact.
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where A0 = 1
4 G is the Planck area, and we can rewrite this

as:

Sh = γ r2
h (70)

Here, γ is a positive constant (in this case equal to π/G,
but the utility of this expression for Sh will soon be clear).
When considering Barrow entropy, we have:

Sh =
(

A

A0

)1+�/2

(71)

Using the horizon radius, this can be expressed as:

Sh = γbr
2+�
h (72)

where

γb =
(

4π

A0

)1+�/2

is a positive constant. For the Tsallis HDE scenario, the
horizon entropy is given by:

Sh = γt r
2σ
h (73)

where γt is again a constant in terms of the Planck area and
the Tsallis parameter. We can write the derivative of the total
entropy of the universe in the case of the Hubble horizon
cutoff in the conventional HDE model as

Ṡ = 2π

H

[
8π Ḣ	d

H
− 24π Ḣ

H

−4π

(
Q

3H2 + 3H	m(1 + wm)

) ]
− 2γ Ḣ

H3 (74)

Similarly we can write for the Barrow and Tsallis cases as

Ṡ = 2π

H

[
4π Ḣ	d(2 − �)

H
− 24π Ḣ

H

−4π

(
Q

3H2 + 3H	m(1 + wm)

) ]
− (2 + �)γb Ḣ

H2H1+�

(75)

Ṡ = 2π

H

[
4π Ḣ	d(4 − 2σ)

H
− 24π Ḣ

H

−4π

(
Q

3H2 + 3H	m(1 + wm)

) ]
− 2γtσ Ḣ

H2H2σ−1

(76)

Similarly we can find the entropy for the event horizon cases
for the conventional, Tsallis and Barrow models as

Ṡ = 2π

H

[
8π	d

(√
	d

c
− 1

)
− 24π Ḣ

H

−4π

(
Q

3H2 + 3H	m(1 + wm)

) ]
− 2γ Ḣ

H3 (77)

Ṡ = 2π

H

[
4π	d

H
(4 − 2σ)

⎛
⎝

(
	d H2

c2

)( 1
4−2σ

)

− H

⎞
⎠

−24π Ḣ

H
− 4π

(
Q

3H2 + 3H	m(1 + wm)

)]

− 2γtσ Ḣ

H2H2σ−1 (78)

Ṡ = 2π

H

[
4π	d

H
(2 − �)

⎛
⎝

(
	d H2

c2

)( 1
2−�

)

− H

⎞
⎠

−24π Ḣ

H
− 4π

(
Q

3H2 + 3H	m(1 + wm)

)]

− (2 + �)γb Ḣ

H2H1+�
(79)

While we can also find it for the particle horizon case, we
will not be seeing the viability of the GSL for this cutoff as
we really only have one model (Tsallis with σ > 2 ) to talk
about here. We need not plot the evolution of the entropy for
every case we have, but we will at least try to get a gist of
things here.

In Fig. 21 we have plotted the time derivative of the
entropy for both Hubble and event horizon cutoffs and for
dust and non-dust forms of dark matter with the first LR
ansatz. Note that in the formulations above, the form of dark
matter has not been set a priori to simple dust like wm = 0
and so it would be interesting to see whether not dust like
approximations make a difference too. We see that the inter-
action schemes or the form of dark matter is not impacting
the conclusions in any case, which is conclusively that the
generalized second law of thermodynamics is not held in any
case.

In Fig. 21 we have plotted for the Hubble and event horizon
cutoffs for LR and PR with us again seeing that in the majority
of the cases there is no hope for the generalized second law to
be satisfied. However, for the PR ansatz with event horizon
cutoff (lower right panel) the GSL is satisfied.

We have plotted for the Braneworld case in Fig. 23 with
the LR for both the cutoffs and the law is not satisfied. Similar
themes were observed for the Big Freeze and Asymptotic dS
cases which we have not shown here.

In Figs. 24 and 25 we have plotted the same for both usual
LR ansatz and the Braneworld one as well, for the Tsallis
case with event horizon and Barrow with Hubble horizon. We
see that in the Braneworld and at least one non-Braneworld
ansatz, the Tsallis model gives GSL consistent results while
the Barrow model with Hubble horizon is not giving any
optimistic results. This further reinforces the notion that the
Hubble horizon is not well suited at all as a cutoff scheme
for the late universe. It is indeed problematic that we are
observing negative values for the derivative of the entropy
and that is what we wanted to emphasize as well. For exam-
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Fig. 21 Plots of the derivative of the entropy for the Hubble horizon case with first ansatz of LR. From left to right are the plots for the Hubble
and Event horizon cutoffs, with upper panel for wm = 0 and lower for wm = 1/3

Fig. 22 Plots of the derivative of the entropy for the Hubble and event horizon cases for second LR ansatz and PR. From left to right is from
Hubble horizon to event horizon cutoff, with upper panel having LR and lower panel PR

Fig. 23 Plots of the derivative of the entropy for the Hubble and event horizon cases for the LR ansatz in the Braneworld
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Fig. 24 Plots of the derivative of the entropy for the event horizon cutoff for both non-Braneworld and Braneworld ansatz for the Tsallis case,
from left to right respectively

Fig. 25 Plots of the derivative of the entropy for the Hubble horizon cutoff for both non-Braneworld and Braneworld ansatz for the Barrow case,
from left to right respectively

ple, in Figs. 21 and 22, where one sees negative values of
the entropy derivative for cases of Little and Pseudo rip in
both standard GR and Braneworld case, the plots are here
to further reinforce the idea that these rip scenarios are not
very sustainable and not technically possible in these HDE
models. Only in very particular parameter regions, for some
particular models like one seen in Fig. 24 could one have
these rip scenarios to be consistent from the perspective of
the second law of thermodynamics. But even when they are
consistent from that perspective, they may not be consistent
from the perspectives of stability, energy conditions etc. We
would also like to note that there has been significant work

on cosmological scenarios with such negative entropy evo-
lution, see for example [99].

Besides these, another point of technical consistency for
cosmological models can pertain to the validity of energy
conditions. Four prominent energy conditions in this regard
are:

• null energy condition: p + ρ ≥ 0
• weak energy condition: ρ ≥ 0, ρ + p ≥ 0
• dominant energy condition: ρ − p ≥ 0
• strong energy condition: ρ + 3p ≥ 0
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We would also like to briefly discuss the status quo of these
conditions for dark energy sector in the models we have hence
considered. In the case of the Hubble horizon cutoff, noting
that ρ(1 + w) = p + ρ, we can write

p + ρ = −H

[
Q

3H2 + 2Ḣ	d

H

]
(80)

From the above equation, it is evident that weak and null
energy conditions will be violated for all future events we
have discussed here. Similarly, the strong energy condition
is also violated, but for the dominant energy condition we
have

ρ − p = 3H2	d

(
2 + 1

3H	d

(
Q

3H2 + 2Ḣ	d

H

))
(81)

So the dominant energy condition would hold. Similar con-
clusions hold true for the Barrow and the Tsallis models with
this cutoff as well. Note that there is a catch here, as in the case
when the Q term on right hand side of the continuity equa-
tion is positive in sign there is a possibility that all energy
conditions may be satisfied. This would mean that there is a
better possibility of energy conditions being satisfied if the
interacting dark sector is one with DE slowly transitioning
to DE instead of the other way around as of here. In the case
of the particle horizon, we have only considered the Tsallis
models with σ > 2, and in this scenario we can write

p + ρ = H

[
(4 − 2σ)	d

⎛
⎝H +

(
	d H

2

c2

) 1
4−2σ

⎞
⎠ − Q

3H2

]

(82)

For the case of σ > 2, we see that the weak and null energy
conditions would immediately not be satisfied and similarly
not would be the strong energy condition. For the dominant
energy condition we have

ρ − p = 3H2	d

(
2 − 1

3H	d
(4 − 2σ)	d

×
⎛
⎝H +

(
	d H2

c2

) 1
4−2σ

⎞
⎠ − Q

3H2

⎞
⎠ (83)

For σ > 2 it is apparent that the dominant energy condition
would be satisfied at least, again. For the event horizon case,
one can not make such clear statements without plots. If we
take the case of only the conventional HDE model with the
event horizon cutoff, we have

ρ + p = H

[
2	d H

(
1 −

√
	d

c

)
− Q

3H2

]
(84)

ρ − p = 2 + 1

3H	d

[
2	d H

(
1 −

√
	d

c

)
− Q

3H2

]
(85)

As is clear from the expressions above, in order to make any
definitive claims about the status of the energy conditions

in this case we would have to plot out these expressions for
various choices of the Hubble parameter as per the events we
want to consider and we currently do not pursue it here.

8 Conclusions

In this work we have discussed about the intricacies of various
possible future scenarios for the universe with holographic
dark energy. We started by a brief overview of various holo-
graphic dark energy models and cutoffs, alongside brief notes
on rips and similar future events. We then firstly discussed
about the possibility of accommodating various rip scenarios
in the general N–O cutoff for HDEs, showing that the fea-
sibility of all rip scenarios (or no rip scenario at all) is very
easy to realize in the general cutoff scheme. We then turned
our attention to the three primitive cutoffs for HDEs, with
those being the Hubble, particle and event horizon cutoffs.
We discussed in detail about rips in all of these cutoffs, con-
sidering the usual HDE model alongside the Tsallis and Bar-
row models in our work too. We were able to then conclude
that in most cases, it is indeed rather rather hard to realize
these rip scenarios both from an observational point of view
and also from the view of classical stability of these regimes.
We finally also discussed about the validity of various energy
conditions and the generalized second law of thermodynamic
in these models. We ended up showing how in general only
the dominant energy condition is valid in these cases while,
we did test for the weak, null and strong energy conditions
too. We also showed that even the generalized second law of
thermodynamics maybe violated in quite a few scenarios for
these primitive cutoffs.

In passing we would also like to note that indeed in general
we would not like such singularities or rips in cosmologies,
but it is well discussed in the literature that for simple cut-
offs like particle/event horizon a big rip singularity in general
occurs in HDE models. Even further beyond that in recent
work with the Granda–Oliveros cutoff [56], the point of big
rips being the overarching possibility for HDE models was
presented very rigorously and strongly. So the question then
presented itself was that if the big rip is a possibility in gen-
eral, can we avoid the big rip or at least have any of its alterna-
tives occurring consistently ? This is an interesting question
and it is vital to know which cutoff would allow for big rip
alternatives as well, as that would show that the particular
cutoff is perhaps the best one. Again, we see that simple cut-
offs like Hubble horizon,event horizon etc. do not allow for
any big rip alternatives in general from various standpoints in
this work. This goes to show how even though these cutoffs
are a form of N–O cutoff, they are yet just very special cases
while N–O cutoffs in general accommodate a lot more free-
dom and bigger cosmic evolution paradigms than them. Fur-
thermore, we studied these future events in all of these cutoffs
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under these three HDE forms (conventional, Tsallis and Bar-
row) because we wanted to have a conclusive and definitive
answer to which future events such cutoffs can realistically
allow for or not. We wanted to test them out for these sce-
narios from an observational standpoint (EOS parameters)
and also from theoretical standpoints (validity of general-
ized second law, energy conditions, squared sound speed).
By studying these models and seeing which future possibili-
ties are allowed for, we wanted to show just how much more
generality the NO cutoff encapsulates when compared to any
other cutoff scheme. The work seems to reinforce the notion
more clearly that even though all the cutoffs are just special
forms of the N–O cutoff, the difference in the range of pos-
sibilities which can be accommodated in the general cutoff
as compared to the other ones is indeed very big.
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