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Models of spontaneous baryogenesis have an interaction term 0,6 ji in the Lagrangian, where jj is
the baryonic current and 6 can be a pseudo-Nambu-Goldstone boson. Since the time component of this

term, @ 7%, equals Ony for a spatially homogeneous current, it is usually argued that this term implies a
splitting in the energy of baryons and antibaryons, thereby providing an effective chemical potential for

baryon number. In thermal equilibrium, one then obtains ny ~ OT?. We however argue that a term of
this form in the Lagrangian does not contribute to the single particle energies of baryons and
antibaryons. We show this for both fermionic and scalar baryons. However, similar to some recent
work, we find that despite the above result the baryon number density obtained from a Boltzmann

equation analysis can be proportional to 6T2. Our arguments are very different from that in the standard

literature on spontaneous baryogenesis.
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I. INTRODUCTION

Observations indicate that our Universe possesses a
baryon asymmetry. The conventional approach to baryo-
genesis in cosmology is based on the three well known (and
necessary) Sakharov’s conditions [1]: (i) violation of
baryon number, (ii) violation of C- and CP-symmetries,
and (iii) being out of thermal equilibrium. However, there
exist some interesting scenarios wherein one or more of
these conditions are not satisfied. The spontaneous baryo-
genesis scenario is one such novel scenario in which the
CP-symmetry is not violated and the baryon asymmetry is
generated in thermal equilibrium.

Models of spontaneous baryogenesis [2,3] have an
interaction of the form 9,0j* in the Lagrangian density,
where j* is related to the baryonic current and € may be a
pseudo-Nambu-Goldstone boson. Now, [d°xj° = Q,
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where Q is the charge associated with j#, and ignoring
spatial variations in j°, j° = Q/V = n, where n is the net
number density of the quanta associated with scalars or
fermions ¢ or y. The coefficient of n, i.e., é, has been
interpreted to be equivalent to an energy splitting in particle
and antiparticle energies and thus an effective chemical

potential for ¢ or y, provided the rate of change of 0 is
sufficiently slow. This can then give rise to a particle-
antiparticle asymmetry in thermal equilibrium. This inter-
pretation has been invoked in spontaneous baryogenesis,
including at the electroweak phase transition, and in flat
direction baryogenesis, radion baryogenesis, quintessential
baryogenesis, etc.

In this article we question the arguments underlying the
above interpretation. We argue that a On term in the
Lagrangian density does not necessarily imply a split in
the energies of particles and antiparticles and hence does
not automatically lead to an interpretation of 0 being an
effective chemical potential. We also argue that dispersion
relations k°(k) do not necessarily give particle and anti-
particle energies. For the latter one must obtain the
Hamiltonian and take its expectation value in single particle
and antiparticle states. The energies one obtains do not
always agree with the expressions for k°. In particular,

whereas k° may contain 6 the single particle and anti-
particle energies may not.
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For the models under discussion we include a baryon
number violating interaction and further study the
Boltzmann equation, similar to the approach of Ref. [4].
For scenarios with a 6% term in the Lagrangian density,
the dispersion relations are modified, but, interestingly,
even for cases where single particle and antiparticle
energies are the same one does get a net baryon asymmetry
due to the modified dispersion relations. Depending on
the baryon number violating term, one gets different
expressions for the asymmetry. This mechanism of gen-
eration of asymmetry from a 6;° term is very different from
that originally proposed in spontaneous baryogenesis and
similar scenarios.

Spontaneous baryogenesis models [2,3] also consider the
generation of baryon asymmetry in the oscillating phase of
the @ field. This has been further commented upon in
Refs. [5,6], and we do not consider this here.

The outline of our article is as follows. In Sec. II and
Sec. III we discuss the case of a fermion current coupled to
the derivative of a field 6. We obtain the dispersion relation
and the single particle and antiparticle energies. We then
perform an analysis using the Boltzmann equation. In
Sec. IV we consider the case of a scalar field with an
interaction similar to that in Sec. II, i.e., a coupling of the
scalar field current with 9,0. In Sec. V we consider the case
of a scalar field with a self-interaction of the form g,n,
where g, is a constant. In both cases, as in the fermionic
case, we obtain the dispersion relations and single particle
and antiparticle energies and then perform an analysis using
the Boltzmann equation. Finally, we summarize our con-
clusions in Sec. VI.

II. FERMIONS AND 9,67,

Let us first consider fermions y coupled to a field 0 as

1
L = iy o, p — mpy + 3 09,0040 — 0,0, — V(0. ).
(1)

Here € may be a pseudo-Nambu-Goldstone boson asso-
ciated with the spontaneous breaking of some symmetry at
a scale v, and the fermionic current is jj, = yy*y. In the
literature, it has been argued that the time component of
the interaction term 0,0j,, in the Lagrangian density is
é(”w — nl,—,) if spatial variations in j° can be ignored, and so
6 acts like an effective chemical potential for y, in that it
gives contributions with different signs to the single particle
energies of particles and antiparticles which would enter in
a Fermi-Dirac distribution. This would lead to a net
asymmetry in y if the interactions of y that change y
number are in thermal equilibrium. Let us investigate this
proposition.

In standard free fermion field theory one writes down a
Lagrangian density for a free field . One can then expand

wix.t) = [ Kb (0, () exp(ikx)

+ d} (), (K)g(r) expl(—ik.x)]. 2)

One then substitutes this in the Euler-Lagrange equation,
i.e., the Dirac equation, and obtains f(¢) = exp(—ik°¢) and
g(t) = exp(+ik°t), where k® = vk? + m?, after associat-
ing positive and negative “energy’’ solutions with spinors
u and v respectively. One subsequently obtains solutions
for u and v. One then writes the Hamiltonian density
H = p,y — L, and substituting the above expression for y
in H, one finds that the eigenvalue, and expectation value,
of the Hamiltonian for a one particle state is k°. It is at this
stage that one makes the identification that kX = vk? + m?
is the energy E of the one particle state.

We follow the same logic for our study. We start with a
general expansion for the fermion field as in Eq. (2). Then
we obtain the functions f(¢) and g¢(¢) from the Euler-
Lagrange equation for the Lagrangian density in Eq. (1).
Spontaneous baryogenesis scenarios must include baryon
() number violating interactions {such as the last term of
Eq. (2.5) of Ref. [3]} to generate a difference in particle-
antiparticle number densities from a difference in particle-
antiparticle energies. Such interactions are not relevant for
the discussion below, and we ignore V(6, y) in the equation
of motion for the fermionic field/spinors. The equation for
uis

liy°f/f =¥’k = m = 0y°Ju = 0, (3)

where we have ignored spatial variations in 6. Multiplying
from the left by [iy*f/f — 'k — 0% + m], we get

(if [f = 0)* = k2 + m? = E2. (4)

Keeping the positive square root on the rhs above, i.e., the
positive “energy” solution, f/f = —i(E, + 0) and so

f= e—if(E*ﬂ?)dt — e—ifkﬂdt7 (5)
where k9 = E, + 0. Similarly we get
[iY°3/g + v’k = m = 6y°|v = 0, (6)

and multiplying from the left by [i7°g/g + 7'k — 6y° + m]
we get

(ig/g—0)* = k? + m® = E2. (7)

Now, keeping the negative “energy” solution, ¢/g =
i(E, — @) and so we get
_ ot J(E.~b)ar

= eJrifkgdt’ (8)

g
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with k0 = E, — 6. Now let us solve for u and v. If one puts
the above expression for f in Eq. (3) then the 8 cancels out

and the equation for u is

[E.y° =’k —m]u = 0. 9)
Similarly for v we get

[E.y° —y'ki + mlv = 0. (10)

These are the standard equations for the spinors with
solutions in the Dirac-Pauli representation as

ck ~
vy(k) =ﬁ(<E*;'"> ”) (11)

where it; = ¥, = (}) and ii, = B, = (9). @t} it, = 7,5, = 5.
o; are the Pauli matrices. We will first determine the
normalization constants a and f using commutation
relations.

Considering the field expansion in Eq. (2), we can
express b (k) and d (k) in terms of the field y(x,7) as
follows:

[ axerninn

-¥ [ @x [ @b i0um)snenos
(K, (g

-y / Pr(27)35(k — K')[by (K )u (K)(7)
) (12)

Multiplying Eq. (12) by u/,(k’) we get

/ e <l (K Yy (x. 1)

=37 [ kst = k), (el ) ()00

+di(—K)ul, (K )v, (=k)g(1)]
= by (K) A laP () (13)
Therefore,
(k) =5 (2H)E3*E+| a’”|2f o / Pre® gl (K (x,0).  (14)

Similarly, we obtain

(k) = et S xe®Xp] X
) = 55257 g | €300 (13

From Egs. (14) and (15) we also get

E.+m .
bi(k)= * dxe™ Xy (x, Hu,(k 16
0= 5555 sy | 4w (e 0ulk) (16
and
E,.+m .
dy(k) = et / &xe- 3yt (x, 1), (K).
2(27)3E,|B|*g" (1)
(17)
We further note the equal time commutation relation,
{w(x, 1), 10, (y, 1)} = id(x —y), (18)
where I1,, = ipy® implies
{w(x. 1),y (y, 1)} = 6(x —y). (19)

Then using Egs. (14), (16) and (19), we get

(E.+m
d3 d3 —ik.x+ik".y
|a|4E2/ / v
X us( Hw(x,0).w' (y, 1) bug (K')
_ (Ei4m)
2(27)%|a|’E.

{mu@wn—

(27)°6(k — k'), (20)

where in the last step we have used k = k’. Similarly,

(E. +m)

{d,(k).d},(k")} = 20225 [pPE.

(2rY8(k — k5,0, (21)

Now, demanding the commutation relations,

{d,(k).d,(k')} = (27)38(k — K')3,, (22)
we get
E.+m E.+m
|a|? = 2020)°E," B> = 2022, (23)

One can also show that {b (k) dy(k')} and {b](k),

d',(k")} are 0. Further imposing

{w(x.0),w(y.0} ={w'(x. 1),y (y.0)} =0 (24)

allows us to show that all other commutation relations
involving the annihilation and creation operators, such as
{by(k),d!(k")}, etc., are 0.
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We now obtain the Hamiltonian density from the
Lagrangian density as H =) _,p,¢ — L, where ¢ repre-
sents the fermionic and the @ fields. I1,, = ipry°. Assuming

6 has no other time derivative couplings IT, = 120 — iy .
Then the Hamiltonian density is

H =T,y + 0 — L

. .
= —ipy' 0w + mpy + 5 20

~2(VO)? + 0,007y + V(0.yw).  (25)

One might now conclude, from the form of the Hamiltonian
density in Eq. (25), that particles and antiparticles have the
same energy and that the 6 term does not lead to energy
splitting.1 But then one could argue that one should write
the Hamiltonian in terms of IT, and not 6 and that gives a
(Iy/v?)j° term in the Hamiltonian. This might suggest that
energies of particles and antiparticles may also depend on
I1y. However, as one is arguing in terms of an (effective)
chemical potential giving rise to a net asymmetry in
thermal equilibrium one should consider situations involv-
ing the Fermi-Dirac distribution [1 + exp(—(H — u)/T)]™!
or Boltzmann factor, where u is the chemical potential
associated with conserved charges, whereas effective
chemical potential terms, such as those possibly associated
with é, come, if at all, from H as per the arguments of
spontaneous baryogenesis. Now we would like to draw an
analogy with a particle of charge ¢ moving with velocity v
in a magnetic field B. The Hamiltonian for the charged
particle written in terms of the canonical momentum p is

(p—qA/c)
2m

H = , (26)
which seems to indicate a difference of gp.A/(mc) in the
energies of particles and antiparticles. However when one
uses the Boltzmann factor exp[—(H — p)/T)] and integrates
it over the momentum components (p,, p,, p.) from —oo to
400 to obtain the number of particles and antiparticles,
one can change the integration variables from (p,. py. p,)
to the kinetic momentum components (k,, ky, k) =

(Py—qA/c.py—qA,/c, p, — qA,/c), also varying from
—00 to +00. Then though gA/c is part of the Hamiltonian
when written in terms of the canonical momentum, it does
not play a role in determining the number of particles in
statistical physics. Thus even if the Hamiltonian written in
terms of the canonical momentum seems to indicate a
difference in particle and antiparticle energies it does not
necessarily lead to an energy splitting and a net asymmetry
in thermal equilibrium. For our case, one may argue that the

'A similar argument was made in the arXiv version [arXiv:
hep-ph/9610405] of Ref. [6].

Hamiltonian can be written initially in terms of I1, and one
can perform a change of variable, 6 = (T + wyy) /v?
which case the (ITy/v?)j° term will disappear and the
Hamiltonian density will contain 126 and not lead to a
splitting in the energy of fermions and antifermions. (Just as
the energy density of the magnetic field does not contribute
to fixing the number density of a gas of charged particles and
antiparticles in a magnetic field, 1 267, the kinetic energy
density of the @ field in our case, w111 not contribute to setting
the number density of fermions and antifermions.)

To resolve the matter of the energy of particles and
antiparticles in the presence of the @ field we shall obtain
the expectation value of the Hamiltonian for single particle
and antiparticle states. The fermionic Hamiltonian (ignor-
ing spatial variation in 6) is (see Appendix for details)

H=Y" / k(27 [ (K
+ 7,(K) (—r'k; + m)v /(k)d (k)d (k)]
—Z/d* (20)! g (20000

— |pPd,(k) s(k))- (27)
Now, using Eq. (21),

Hamiltonian becomes
by(K) +di (K)d, (k)] k2 +m?.

- Z/ d3k
(28)

The only 0 dependence in the fermionic field is in f and g
but, as in the standard case, the only terms above that survive

)(r'ki + m)ug (k)b (K)by (k)

the normal ordered fermionic

go as f*f and ¢g*g and so the 0 dependence drops out.
Therefore the eigenvalue, and expectation value, of the

Hamiltonian is v'k2 4+ m? for a fermion or an antifermion
state and does not contain @. The above calculation also
underscores the point that in this case the k3, in the

exponent of f, g, which do contain 0, are not to be identified
with fermionic energies, that is, even if the dispersion

relations k°(k) contain 6 the fermionic energies do not.
We realize that it is inconsistent to keep the € term and

ignore other interactions of y in the equation of motion for

the fermionic field/spinors. However, here we are merely

trying to point out that the identification of 0 with a
difference in fermion-antifermion energies is not justified.

One may argue that in some scenarios one treats the 6
field as an external field and so one may not define I1, or
include Hgé in the Hamiltonian, and then there would be an
energy splitting ~0 between fermions and antifermions. We
would however argue that dynamical versus external refers
to whether the given Lagrangian/Hamiltonian determines
the evolution equation of a field, i.e., its Euler-Lagrange
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equation, or whether there are other interactions that we are
ignoring that determine it (this would perhaps be most
relevant when the field is to be treated as a background
classical field). It is in the context of the equation of motion
for @ that one may differentiate between dynamical and
external fields. Now, going from the Lagrangian to the
Hamiltonian does not involve the equation of motion for 6.
So while obtaining the Hamiltonian from the Lagrangian
we can and should follow the same approach irrespective
of whether 0 is a dynamical or an external field, and
we will then obtain the same result that there is no particle-
antiparticle energy splitting. Another way of viewing
this is that any external field is actually governed by a
larger Lagrangian in which it is “dynamic” and so one

should include the Hgé contribution while obtaining our
Hamiltonian, as it is part of the larger Hamiltonian. If the
given Lagrangian or Hamiltonian does not include all
interactions of @ then it will not be suitable for obtaining
the equation of motion for 0.2

A. Effective chemical potential in early
Universe scenarios

The discussion above is relevant for models of sponta-
neous baryogenesis. In the spontaneous baryogenesis
mechanism [2,3], there is a term such as d,0j* in the
Lagrangian density, where j* is the baryon current. (In
some later models, j# is a current not orthogonal to baryon
number, such as hypercharge.) In Refs. [2,3] it was argued
that treating € as a classical background field the term
0% = Ong = O(n, — n;) in the Lagrangian density, where
n,p are the baryon and antibaryon number densities,
contributes differently to the energy of baryons and anti-

baryons. Thus, 6 can be treated as an effective chemical
potential for baryon number. If this is the case then the net

equilibrium baryon density in the thermal bath can be given

by the expression: nj = gdT2/6, where g is the number of

internal degrees of freedom of the baryons. In the original
spontaneous baryogenesis papers, which were not realized
in the context of the electroweak phase transition, 6 was a
slowly rolling pseudo-Nambu-Goldstone boson associated
with the breaking of a U(1) symmetry [2,3]. When these
models were applied to the electroweak phase transition,
the role of @ was played by either a singlet field or a Higgs
doublet [7,8] or by a phase associated with the Higgs
doublets or hypercharge rotation in a 2-Higgs doublet
model [9,10].3 In Ref. [11] the effects of diffusion were

?A discussion of dynamical and external fields is also included
in Ref. [4].

*In models of spontaneous baryogenesis at the electroweak
phase transition, sphaleron processes are not fast enough to give
thermal distributions for baryons and antibaryons. Therefore, one
uses rig = —T'p(ng — ny') ~ Tny for ng < nl. Ty is the rate of
B violation and nj' is taken to be ~uT?, with pip, the effective
chemical potential for baryon number, set equal to 6.

included. In Ref. [12] spontaneous baryogenesis was
considered in the Minimal Supersymmetric Standard
Model (MSSM) and an extension, and in Ref. [13] sponta-
neous baryogenesis was considered in the MSSM with
spontaneous CP violation. In Ref. [14] spontaneous baryo-
genesis in a left-right symmetric model was studied. In
Ref. [15] the effect of strong sphalerons on reducing the
baryon asymmetry generated at the electroweak phase
transition was discussed. Our comments above on the

identification of @ as an effective chemical potential for
baryon number or some related charge are valid for these
scenarios.

There have been other attempts at calculating the
baryon asymmetry generated at the electroweak phase

transition with a ;0 term in the Lagrangian density but

without identifying 6 with a chemical potential, such as
in Refs. [16-20]. Our comments do not apply to these
works. (In the classical force mechanism of electroweak
baryogenesis of Refs. [17-20] there is a 0,0 /5 term in the
Lagrangian density. However by going into the frame of
reference of the expanding Higgs bubble wall one can
eliminate the 9,0 term. Then our arguments above are not
relevant. In Ref. [11] the final calculations are done in the
bubble wall frame, and our comments do not apply there.

For the discussion in the previous subsection the 6 term in
the Lagrangian density cannot be removed by a change of
reference frame.)

There have been several adaptations of the original idea

of spontaneous baryogenesis using a term like 0 0 term in
the Lagrangian density to generate the matter-antimatter
asymmetry of the Universe. Our arguments above on the

identification of @ with an effective chemical potential are
also applicable to these scenarios. In Refs. [21,22] the role
of 0 is played by a slowly moving field associated with a
SUSY flat direction, whereas in Ref. [23], the radion field
in a braneworld setup assumes the role of a dynamical field.
Models of quintessential baryogenesis [24-27] create a
matter-antimatter asymmetry by coupling the slowly mov-
ing quintessence field to the baryon or lepton current, in a
manner similar to models of spontaneous baryogenesis.
Furthermore, in Refs. [28,29] a gravitational interaction
between the time derivative of the Ricci scalar (or a
function of it) and the baryon-number current has been
studied. Such a coupling together with baryon-number-
violating interactions is used to produce an observationally
acceptable baryon asymmetry in equilibrium. In Ref. [30]
the baryon asymmetry is generated using the time deriva-
tive of a scalar field coupled to the baryon current, where
the scalar field is a ghost field, a quintessence field and a
pseudo-Nambu-Goldstone boson. In certain models of
asymmetric dark matter [31-33], the asymmetry in the
dark matter, which is linked to that in baryons, is generated
by an effective chemical potential. In Refs. [34-37] the
time variation of the Higgs field or the axion field as it
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relaxes in the early Universe to 0 from a large value
obtained during inflation is treated as an effective chemical
potential for B 4 L or some fermionic number. In Ref. [38]
the time dependent axion field at a point as an axion domain
wall passes through it is treated as an effective chemical
potential, based on the derivative coupling of the axion
field to the Standard Model left-handed lepton current. In
Ref. [39] a current-current interaction in the Lagrangian
density implies that the zeroth component of the current
associated with a complex inflaton field ¢, i(d¢* — pg*),
is coupled to a B — L charge density, and it is presumed
to act as a chemical potential for B — L. Ref. [40] consid-
ered spontaneous baryogenesis driven by a noncanonical
scalar field.

One may consider a coupling of fermions with another
field that does not involve derivative couplings, such as the
QED Lagrangian density with the term —quy*wA, =
—qAo(n, —ny) — qpy'wA;. We are interested in the first
term. As there is no time derivative it will appear in the
Hamiltonian density with a positive sign and imply that
charged particles and antiparticles have opposite sign
energies in an electric field. If A, represents a background
field one may treat A as an effective chemical potential for
the fermions. If A, is not a physical field but simply a
spacetime dependent function, or a constant vector, Ay may
again be treated as an effective chemical potential.

III. BOLTZMANN EQUATION

In Ref. [4] the authors have also discussed the identi-
fication of € with an effective chemical potential. They
study the kinetic equation for baryons and find that whereas
the naive interpretation of 6 as an effective chemical
potential is not appropriate, surprisingly the kinetic
equation indicates that the baryon number density is
dependent on @ in a way that cd plays a role similar
to that of an effective chemical potential, where c is a
constant whose value may be different for different types of
B-nonconserving reactions. Our analysis below is similar to
that in Ref. [4], but the fermions in our Lagrangian density
are transformed so that the Lagrangian density contains a
term (0,6)J¥, where J* is the baryonic current, as in
models of spontaneous baryogenesis.

In Ref. [4] one considers the Lagrangian density of a
complex scalar field @ interacting with fermions Q; and L.

L(®,0,L) = g¢"0,0*0,®— V(D) + 0, (iy*d, —mg) 0,
+ L(iy"9, —mp )L+ Lin(P. Q1. L), (29)

where Q and ® have nonzero baryonic numbers 1/3 and
-1, whereas L does not carry baryonic charge.

20 _ _
Lin = —f— (Ly,01)(0%7,01) + Hee.,  (30)
mX v

where Qf is a charge conjugated quark spinor and my and f
are parameters with dimensions of mass.

V(®*D) = A(D D — v2/2)2, (31)

After spontaneous symmetry breaking in the @ sector,
and ignoring the heavy radial mode and any phase in the

vacuum expectation value of ®, ® — ve'? / \/§ and the
Lagrangian density is

2

v = .
L£(60.0.L) = ?8,496”9 + 01 (iy*9, —my) 0,

+ L(iy*d, —my)L

oif L
+ (W (L}/MQI)(QEYMQI) + HC) - U(9)7
X
(32)

where an explicit symmetry breaking term is included

as U(0). Now, introducing a rotated field Q, through
0, = e 30, one gets

2
L(0.0,L) = %‘9,496”9 + Q1 (iy*0, — my) Q>
+ L(iy*d, —my)L

| - _
(o (0,0)@5,0:) +

+ (0,0)J* = U(9), (33)

where the quark baryonic current is J, = (1/3)0,7,0,.
We now consider the process 0,0, <> LQO, (12 < 34).
Then,

fig +3Hng ~ / dr / dt, 5dr oo AIPS(Kiy — Koy

x exp[—it(k) + k3 — k3 — k)] (f3fa — f1f2)
(34)

- / 71,507 00| A28 (K — ko) S0 + K2 — K — K0)

X (f3fa—=f1f2), (35)

where A is the invariant amplitude, k;, ,,, refers to the
total incoming and outgoing 3-momentum, and dr,, =
&k, d’k,/[4E,E,(27)®] is the phase space factor. A}, =
Ej»—0/3, Y =E; and kY =E, +6/3. The E,’s are
physical energies and are (k7 -+ m?):, whereas the k¥
appear in the expansion of the fermion field as in

Egs. (2), (5) and (8). [Because of a difference in the signs
of the 0,0J* term, and of a factor of 1/3 in J¥, in Eq. (33)

and Eq. (1) the expressions for k{,, and kj , are a bit
different.] Note that to get the k° delta function 6 has to be
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constant in time.”* In the spontaneous baryogenesis scenario
0 is slow moving compared to the time scale for particle
interactions, and so one can take 6 to be nearly constant.
This requirement agrees with comments in Sec. IV-C
of Ref. [4].

The particle distribution functions are given by

f1=expl=E;/T + &,

where &; = p;/T and y; is the chemical potential of species
I, and the antiparticle chemical potential is the negative of
that of the particle (presuming fast annihilation of particle-
antiparticle pairs into, say, photons).

Then one gets

(36)

ng+3Hng ~ / dr;pdtoolAPS(Kiy — Koy)

X 8(E, + Ey — Ey — Ey — 0)(faf4 = f12)
(37)

= / d,odtoolAPS(Kiy — Kow)S(E| + Ey — E3 — E4 — 0)

X eXpl— i/ T) (e 61917 = 12), (38)
where we have set E;, =E, + E, = Ezs + E4 + 6 in the
factor with the distribution functions, using the energy
delta function. Following the analysis below Eq. (4.15) of
Ref. [4], if Q and L are in thermal equilibrium the collision
integral on the rhs of Eq. (38) vanishes and & + &, +
O/T = & + &, or &, = 3E — 0/T, assuming Q — Q anni-
hilation processes to photons are in thermal equilibrium
giving &5 = —&p. The interaction term in Eq. (30) is B
conserving but violates B + L, whereas that in Egs. (32)
and (33) after symmetry breaking is B violating but B + L
conserving. Assuming that B + L conserving processes,
and not any B + L violating processes, are in thermal
equilibrium, and that initially B + L is 0, £,/3 + &, = 0.

Combining these relations we get £, = 0.36"/ T and

1 1 . 1.

(39)

where g is the number of spin states of O, namely 2, and
B, is the baryonic charge of Q.5

*We would like to thank Prof. A.D. Dolgov for highlighting
this to us.

*In Ref. [4] the expression for the baryon number density np in
the rotated field case given above their Eq. (4.14) differs from that
inferred from Eq. (4.17) for the unrotated case. The expression for
the rotated case has an error, but by correctly considering the
chemical potential for lepton number and imposing B+ L
conservation the authors get the same result as for their unrotated
case [41], which also agrees with our result above. Our n, and &,
are their np and &p.

The above analysis shows that 6 can play the role of a
chemical potential for quarks, but with a multiplicative
Sactor (such as 3/10 for the above case). However this does
not follow simply from the argument that a 0 70 term in the
Lagrangian density for fermions implies an energy splitting
for fermions and antifermions. In fact, as we have shown
above, there is no split in the single particle energies of
quarks and antiquarks in the presence of a nonzero 6. The
multiplicative factor depends on what is the baryon number
violating process in thermal equilibrium and which charge,
B + L in our case, is conserved. The former determines
what are the in and out particles in the collision integral and
the form of the last bracket in Eq. (38), which is then set to
0. The latter gives another relation between chemical
potentials.

IV. SCALARS AND 93,6/

Let us now consider scalars coupled to another field as

1
L=0,¢p*0p— mp* + 3 1126”98/‘9 + 0,04 =V (0.9),
(40)

where j# = i(¢p*O"¢p — 0#¢p* ) is the scalar current and its
zeroth component is the scalar charge density, ny — ngy-,
ignoring spatial variation in j°. The equation of motion
from the above Lagrangian density for ¢p* and ¢ are given
as

U™ + 2i0"00,¢* + (m?> +i00)¢p* =0,  (41)
O¢ — 2i0#00,¢ + (m* — i10)¢p = 0. (42)

We take the field expansion to be

px.0) = / Pla()f(1)e* + b (K)g()e ™. (43)

Then the equation of motion for ¢, assuming € is
homogeneous, gives

f+K2f =200 f +(m? — i) f = 0. (44)
Taking 6 ~ 0, if € is assumed to be slowly rolling, we get
f=2i0 f +(k*+m?)f = 0. (45)

Keeping the solutions that reduce to the standard positive
and negative energy solutions in the absence of 9, we get

f(f) — qe—itV K24m>+67-0) — ae~ ikt (46)

and
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g(t) = ﬂeiz(\/k2+m2+é2+é) = Beiky", (47)

where

K=VK>+m>+0*—0=1\/E2+0 -0 (48)

and

Q= VIEne+ & +0= B2+ 0 +6. (49)
E, = (k® + m?)?, as before. Then
p(x,t) = /dBk[aa(k)eik.x—ik?t_'_ﬂbT(k)e—ik.xﬂ-ikgt]'

(50)

We impose the equal time commutation relations

[p(x. 1), p(y. 0)] = [¢"(x,2), " (y.1)]
=lp(x.1).¢"(y.0)] = 0. (51)

[Ty (x, 1), Ty (y, )] = [y (x, 1), Ty (y, 7))
= [My(x.1). Ty (y. )] = 0, (52)
[p(x. ). 11, (y. )] = [ (x. 1), Ty (y. )] = i6(x —y),
(53)
where

H,/,—g—g—d)*—l—iégb* and TIly =

oL

Py b — ibg.
(54)

Equation (53) and the last equality of Eq. (52) imply

[p(x, 1), " (v, 0] = [¢"(x, 1), p(y. )] = i5(x —y),  (55)

(" (x. 1), p(y. 1)] = 205(x — y). (56)
Taking linear combinations of ¢ and 45, and of their

complex conjugates, the annihilation and creation operators
can be written as

o)~ ot | G )=kt e 0

a4/ (@)’
7
i &Px .
00 = i | o 50) = 0 (x,0)
x e~ilkx—k31) (58)
0 = ey [ e )+ 8 x.0)

% ei(k.x—k?t)’ (59)

. —i &Px . A
) - ik x—k2r)
b (K) _ﬂ(k?+kg)/<2”)3 ((x,1) + iK)p(x, 1) )X,
(60)
Then imposing the commutation relations,
la(k).a" (k)] = (27)°5(k — k')
[b(k). b (k)] = (27)°5(k — k'), (61)
we get
@l = pP = (62)

(27)°2(E2 + 6%)>

One can also show that [a(k),b(k’)] =[a'(k),b"(k’)] =0.
Expressing ¢ as ¢ = 1/v/2[¢; + i¢h,] and imposing

[#i(x. 1), IL;(y. 1)] = id(x —y) (63)

implies
[p(x.0). d(y.0)] = [ (x,0).¢"(y.1)] = 0. (64)

Then the first 2 commutation relations in Eq. (52) imply

[p(x.1).9(y. 0] = ["(x.0).4"(y.0)] = 0. (65)

One can then show that all other commutation relations
involving the annihilation and creation operators, such as
[a(k), b (k")], etc., are 0.

Assuming 6 has no other derivative couplings, Iy =
020 + i(d)*q[ﬁ - ¢*¢) and the Hamiltonian density is

H =Ty + g™ + 110 — £ (66)
= 7+ IVOP + g 52
+i0(¢*h — ¢ P) + V(0.w). (67)

Unlike in the fermionic case, here appears in the
Hamiltonian with j; and so looks like an effective chemical
potential. Now one may believe that in this case one will get

a o splitting in the energy. But the normal ordered
Hamiltonian of the terms involving ¢ gives

H: = :/ﬁ[((k({)2+k2+m2+2ék?)a"'(k)a(k)
(27)?
+ (k)2 + K2 4 m2 — 20k9)b(k )b (k)

1 .
2(E2+6%)
E?
(E2+067):

9'2

—20*(a’(k)b' (k) + a(k)b(—Kk))]

3
_ / (gﬂ’; (@t (k)a(k) + ' (k)b (k)]

— [(a"(k)b" (k) + a(k)b(-k)] (68)
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The particle and antiparticle energies E are defined as the
expectation value of the Hamiltonian in single particle and
antiparticle states (rather than eigenvalues of the
Hamiltonian because of the terms in the second bracket
above). They are the same and are given by

e E? K +m? (69)
(E2+6%: (K2+m24+6°):

It is not at all obvious that the Hamiltonian in Eq. (67)
will give no energy splitting between particles and
antiparticles. Naively, one would have concluded the
opposite.

We now consider an interaction g¢*¢y*¢ + H.c. and
do a Boltzmann equation analysis as in Sec. III for the
process ¢ ¢ <> yp*(12 <> 34). We assume ¢ has baryon
number equal to 1 and y has lepton number equal to 1.
Starting from

I’iB + 3Hl’l3 ~ / dt/df)(d?*dflf’*qﬁ A|25<kin - kout)

x exp—it(k) + k3 — k3 — k)] (f3f4 = f1f2),
(70)

we find that the time integral gives

S(kY + k3 = k5 — &)

:5(\/E§1 + 6 + \/E§2+é2—E3 —\/E2, +6*-0)

E2 + 67 E2 + 6 E2, 6% .
=§( E *lj +E, *Zj —153—1547*4+ -0).
E*l E*Z

This does not give a neat relation one can use to substitute
in the distribution functions in Eq. (70).
If we assume 6 is small compared to E,; then we get

V.lB + 3Hl’lB ~ / dT)my«dT(/)*{/) A‘25(kin - kout)

x 8(E) + Ey — xE3 — Ey — 0)(f3f4 — f1f2)
= / dTX¢*dT¢*¢ - kout)

X 8(E; + E, — Ey — E; — 0)

X exp|[—E;/T)(e5+6+0/T — of1+8),

APs(k;,

(72)

In thermal equilibrium the collision integral vanishes and,
assuming ¢ — ¢* annihilation processes are in thermal

equilibrium, &, = —&;. Then &, =¢&,—0/T. Further
assuming that B + L conserving processes are in thermal

equilibrium, and that initial B + L was zero, £, = —¢,.
Then &, = (1/2)0/T and

ng = By(ny —ny) :%§¢T3 :ééﬁ. (73)
Again, § with a multiplicative factor has played the role of a
chemical potential for ¢p. More precisely, for this particular
case, é/ 2 is the chemical potential for ¢. But there is no
split in the single particle energies of ¢ particles and
antiparticles, though unlike in the fermionic case they are
amended, equally, by the presence of 6.

V. SCALARS WITH g,

In Ref. [42] the authors considered a Lagrangian that is
the field theoretic equivalent of a charged particle in a
magnetic field, in a scenario motivated by the coupling of
a string to an external magnetic field. The relevant term
in the Lagrangian density reduces to a form g,;°, where
go is a constant. The analysis in Ref. [42] was in 1+ 1
dimensions and used the difference in the energies of
particles and antiparticles to obtain a matter-antimatter
symmetry.

Here we consider a scalar field with a similar Lagrangian
density as in Ref. [42] but in 3+ 1 dimensions. The
Lagrangian density is given by

. gz .
L=2((¢) - (¢:)2) - 361'/45[451'- (74)
We are interested in studying the effects on the energies of
particles and antiparticles due to the presence of such an
interaction term. The canonical conjugate momenta corre-
sponding to the fields ¢; are given by

oL

i 0
IT;(1, x) :875,-_(15" =€) (75)
Using this, we obtain the Hamiltonian density as
. 1 .
H=1L¢ - L =5 (i) + (1)) (76)

Rewriting the Lagrangian density in Eq. (74) in terms of
Pt = ﬁ(ﬁbl + i, ), one gets

L= d =479 = (¢ —d97). (77)
Using ¢ = ¢~ = ¢, the Lagrangian density becomes
L= - ¢¢" -Zilg'd-¢d). (1)

The last term is —(g,/2);° and is equivalent to —(g,/2)x
(ng — ny-), ignoring spatial variation in j°. The Lagrangian
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density is similar to that in Eq. (40) but with no mass
term or dynamical 6 field and with 9,0j* or 0 70 replaced
by —(g,/2)j°. Then the field ¢ can be expanded as in

Eq. (50) with
9% 9
k(l),Q = k2 + —4 + —2 s (79)

P 1
la|* = |p|° = 20t (80)

and

Now, Eq. (78) gives

H=TMup+ 10" —L=(§"p+¢"d). (81

where
M, = ¢’ +%¢* and Iy, = ¢ —%4), (82)
l l

and / refers to the spatial derivative.

One might now conclude, from the form of the
Hamiltonian density in Eq. (81), that particles and anti-
particles have the same energy and that the g, term does not
lead to energy splitting. However, as argued in Sec. II, one
should not derive such conclusions from the form of the
Hamiltonian density.

One might also argue, as in Ref. [42], that the
dispersion relations in Eq. (79) imply an energy splitting
for scalars and antiscalars. But, again, as seen earlier in
Secs. IT and IV, k° and particle energies may differ, and a
difference in k° for particles and antiparticles does not
necessarily lead to a difference in particle and antiparticle
energies.

So, as before, we now explicitly calculate single particle/
antiparticle energies. The normal ordered Hamiltonian can
be written (ignoring the a'b' and ab terms) as

:H::/(;l%l;3

kO 2 k2
X <7( 1) + aTa

(KK,
2(1(2—"—9%/4)% k“k b bk .

2k + g3/4)
(83)
Taking expectation values in single particle and anti-

particle states one can immediately infer that the energy
of a particle is

() + K2
2(k? + g3/4):

z|k|+%, (84)

if g, < |k|, whereas the energy of an antiparticle is

(19 + 1

92
=—2 1~ ~k|-Z 85
2+ gy )

R

So the single particle energies of the particle and anti-
particle are g, dependent and different.

We again consider an interaction g¢p*¢y*¢ + H.c. with ¢
and y carrying baryon and lepton number of 1, respectively,
and do a Boltzmann equation analysis as in Sec. IV for
the process ¢*¢p <> y¢p*(12 <> 34). The time integral in
Eq. (70) will give

B + 19 — K — k) = 3(/k} + g3/4 + /i3 + g3/

—E3—\/k421+g%/4+92/2)

zé(El + E2 - E3 - E4 +gZ/2)
(86)

Then we get

A|25(kin - kout)

I;lB+3HnBN/dTX(/)*dT¢*(/,
XO(E\+Ey—E3s—Ey+9:/2)(f3fa—f1f2)
I/df;ms*dfqa*qaA|25(km—kout)

X5(E1 +E2—E3 —E4+gz/2)
X e—Ein/T(e§3+§4—92/(2T) — €§1+§2>. (87)

In thermal equilibrium the collision integral vanishes and,
assuming ¢ — ¢* annihilation processes and B + L con-
serving processes are in thermal equilibrium and that initial
B + L was zero, §; = —g,/(4T). Both £, and the energy
splitting of g, between particle and antiparticle energies
will contribute to (n, — ny) to give

[
ng = B¢(I’l¢ - l’l¢*) = —ZZQTZ, (88)

where the effective chemical potential for ¢ is
—g2/4 — ¢,/2 = —3¢,/4. Unlike in the other cases studied
in this article, the effective chemical potential gets a
contribution from the split in the single particle energies
of ¢ particles and antiparticles.

Reference [42] obtains an asymmetry by only consid-
ering the difference in energies of particles and antiparticles
with & set to 0. Now £ depends on the B violating process
that is in equilibrium and creates the asymmetry between
particles and antiparticles. If £ D g¢’y*y +H.c. then
processes like ¢p¢p — yy* or ¢y — ¢*y in equilibrium will
give &, = 0, and the asymmetry in ¢ and ¢* will only be
because of the energy splitting.
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VI. DISCUSSION AND CONCLUSION

Spontaneous baryogenesis presumes that a term of the
form 0% ~0n in the Lagrangian density, where j° is
the zeroth component of the particle current and # is the
net particle number density, translates into a splitting of
energies of particles and antiparticles and therefore acts
as an effective chemical potential which then gives rise to
a matter-antimatter asymmetry or baryon asymmetry in a
system in thermal equilibrium. Our analysis above
implies that there are two separate issues here. One is
whether or not the term in the Lagrangian density gives
rise to an energy splitting, and the second is whether or
not one obtains a matter-antimatter asymmetry. For both

fermions and scalars we find in Secs. II and IV that 70
modifies the mode functions of the corresponding quan-
tum fields, but it does not lead to a splitting of single
particle and antiparticle energies. However, because of
the modified mode functions, if baryon number violating
interactions are in the thermal equilibrium then equating
the collision integral on the rhs of the Boltzmann
equation to 0 gives a nonzero chemical potential for
particle number. This then gives rise to a matter-anti-
matter asymmetry, or baryon asymmetry if the particles
carry a baryon number.

It may be noted that obtaining the Hamiltonian density
in terms of the field and its time derivative and trying to
relate the presence or absence of a §;° in the Hamiltonian
density with particle-antiparticle energy splitting is inap-
propriate and misleading. For the fermionic case there is
no 0 % term in the Hamiltonian density, whereas it does
appear for the scalar case. However in both cases the
single particle energies for particles and antiparticles are
the same. )

The presence or absence of @ in the Hamiltonian
density does not depend whether or not @ is a dyna-
mical field or an external field (like a classical back-
ground field). In the latter case, the equation of motion of
the field is not entirely determined by the Lagrangian

under study, but one still includes Hgé in the Hamiltonian
density. Therefore our conclusions above are the same
irrespective of whether 6 is a dynamical or an exter-
nal field. . .
The presumption that a term of the form 0j° ~ &n
in the Lagrangian density gives rise to a splitting in
energies of particles and antiparticles has been widely
used in the literature in models of spontaneous baryo-
genesis, including at the electroweak phase transition,
flat direction baryogenesis, radion baryogenesis, quintes-
sential baryogenesis, etc. Our analysis above indicates
that this presumption may not hold even though such a

term may ultimately give rise to a matter-antimatter
asymmetry.

We have also studied the case where the field deriva-
tive 6 is replaced by a constant in Sec. V. This modifies
the mode functions and gives a splitting in energies of
particles and antiparticles. Then both the energy splitting
and any chemical potential, depending on the number
violating interactions in thermal equilibrium, will con-
tribute to the asymmetry in number densities of particles
and antiparticles. These conclusions would also hold for
a term of the form h(0);°.

We conclude by comparing our results with that of
Ref. [4] for the case of a fermionic current coupled with
the derivative of the € field. In Eq. (4.3) of Ref. [4] the
energies of particles and antiparticles are obtained from
the dispersion relation. We argue that the dispersion
relation gives expressions for k° which enter in the
mode functions of the fermion field yw [see our
Egs. (5) and (8)], but the single particle and antiparticle
energies are given by the expectation value of the
Hamiltonian in Eq. (28) in single particle and antiparticle
states. We too find that the K associated with u and v
spinors depend on 6 and are different, but our
Hamiltonian implies that particles and antiparticles have
the same energy which is independent of 6. Our analysis
of the collision integral in the Boltzmann equation in
Sec. III was done for the case where the quark field is
rotated to absorb a phase factor of exp(if) after sponta-
neous symmetry breaking which gives rise to the (9,6)J*
in the Lagrangian density. In Ref. [4] it was done for the
unrotated case, and our result for the baryon asymmetry
generated in thermal equilibrium for the rotated quark
fields agrees with their result. Reference [4] also obtains
a result for the baryon asymmetry for the rotated case
using other arguments. This has an error, but after
correction it is in agreement with that for the unrotated
case and our result [see the footnote below our Eq. (39)].
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APPENDIX: THE FERMIONIC HAMILTONIAN

The fermionic Hamiltonian (ignoring spatial variation
in 6) is
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HE/d3xH

—Z/d3k27r

oK) (ki + m)uy (K)bI(K)by (k) + 3,(k) (=r'k; +m)vg (k)d, (k)d}, (k)]

s

- Z/dSk (27) {|0‘|2( — Ej;_km> ((_init)r;) klﬁs/>bz/(k)bs(k)

-k _ —(1 + —E:-rﬁl—m)a . k@sf
+ |ﬁ|2( UI) ( 2

"E.+m (m+ )y

dy(k)d, (k)]

S

5”/b£ (k)bs (k)

_ Z / P2’ 2m3 + 2m*E, + 2k*(E, + m)

(E.+m)*

—2m? - 2m*E, — 2k*(E, + m)

2
1A (E. +m)?

=3 [ extesy (2|a|2 (A KDE L)

(E, +m)?
—Z/cﬂ (27)’ )<||2b<><>

Upon using Eq. (21), we then obtain

3 2pt(k 2Jr
H=Y [ vy ><||b()()+|ﬁ|d

With this, our normal ordered fermionic Hamiltonian becomes

&k (E.,+m 2E .
- Z 3 bs(k
— | (2z)*\ 2E, (E.+m)
3

s(K)b, (k) + di (k)d, (K)E,

- - (27t)3
=3 [ G0

(k)b (k) = 2} ™

+k?)(E, + m)
(E, +m)?

ds<k>d1<k>)

BPd, (k) d; (K)). (A1)

Z/d kE,5(0y). (A2)

by(K) + di (k) d, (k)] VI + . (A3)
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