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Abstract The quest of deciphering the true nature of dark
energy has proven to be one of the most exciting in recent
times in cosmology. Various ideas have been put forward in
this regard besides the usual cosmological constant approach,
ranging from scalar field based models like Quintessence and
Phantom dark energy to various modified gravity approaches
as well. A very interesting idea then is to consider scalar field
dark energy models in quantum gravitationally corrected cos-
mologies with the RS-II Braneworld being one of the most
well known in this regard. So in this work, we consider RS-
IT Braneworld based scalar field dark energy models and try
to look out for the existence of finite time singularities in
these regimes both through a dynamical system perspective,
for which we employ the Goriely—Hyde singularity analysis
method, and a physical perspective. Our approach is general
in the sense that it is not limited to any particular class of
potentials or for any constrained parameter region for the
brane tension and is valid for both Quintessence and phan-
tom dark energy regimes. We firstly show through Goriely—
Hyde procedure that finite time singularities can exist in these
models for a limited set of initial conditions and that this
result would hold irrespective of any consideration given to
the swampland dS conjecture. We then discuss the physical
nature of the singularities that can occur in this regime, where
we use a well motivated ansatz for the Hubble parameter and
show that these models of dark energy can allow for weak
singularities like those of Type III and Type IV and can also
allow for strong singularities like the Big Rip (Type I).
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1 Introduction

Observations of late time acceleration of the Universe took
surprised the whole cosmological community [1] . Ever since
then a lot of work has been done in order to explain this
expansion which include the standard ones like the Cosmo-
logical constant [1-5] alongside more exotic scenarios like
Modified gravity theories [6—8]and very appealing ways of
detecting dark energy directly have been put forward recently
as well [9]. An exciting approach towards understanding
dark energy is that of Quintessence, where a scalar field
drives the late-time cosmic acceleration of the universe [10—
20]. Quintessence is very interesting in the sense that it is
the simplest scalar field dark energy scenario which is not
plagued with problems like ghosts or Laplacian instabilities.
In quintessence models a slowly varying scalar field with
some potential V (¢) leads to the acceleration of the uni-
verse, with the mechanism being similar to slow roll inflation
with the difference being that in this case we cannot ignore
contributions from non-relativistic matter like Baryons and
Dark Matter. This should be noted too, however, that simple
models of Quintessece have been shown to be at odds with
the current HO tension [21-23] and hence simple models of
Quintessence seem to perform worses than Lambda-CDM
models with regards to the current HO data [24].

Quintessence has been studied in a variety of exotic cos-
mological scenarios as well like in the context of various
modified gravity theories alongside cosmological models
which are modified by quantum gravity based corrections
like the RS-II Braneworld. Braneworld cosmologies is espe-
cially interesting because it is a class of theories that confines
the particles of the Standard Model to a (3+1) dimensional
brane embedded in a higher-dimensional bulk with compact-
ified dimensions. Interestingly, gravity is not confined to the
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brane and can propagate through the extra dimensions and
this feature provides a novelty to brane theories from other
extra dimensional theories of gravity. The RS-II model is
a based on a modification of the RS-I Braneworld cosmol-
ogy model [25], where the hierarchy problem is solved by
embedding two 3-branes in a five-dimensional bulk where
one of the branes contains the Standard Model particles. The
RS-II braneworld cosmology removes one of the 3-branes
and recovers both Newtonian gravity and General Relativity
as its limiting cases [26]. Since another braneworld cosmol-
ogy scenario in the form of Dvali-Gabadadze-Porrati (DGP)
model [27,28] can produce some effects on the late-time evo-
lution of the universe, it becomes very interesting to see if
one can address late-time acceleration issues using the RS-
II model as well. In this direction, there have been several
works in recent times which have addressed Quintessence in
the RS-II Braneworld scenario [29-31]. There have been a
lot of papers which have tried a dynamical systems approach
analysis of these models as well. For example, in [32,33] such
an analysis was performed with the inclusion of a scalar field
confined to the brane and it was then shown that the canonical
scalar only affects the early-time behaviour of the universe,
and that in inflationary critical points exist for a constant
scalar potential. While in [34] centre manifold theory was
used with a wide variety of potentials to study the asymp-
totic behaviour of RS-II models.

There has also been an expansive literature in recent times
which has been devoted study the various types of singu-
larities that could occur during the current and far future
of the Universe [35-41]. Talking from a dynamical point of
view, one of the most interesting aspects of various dynamical
systems that one can investigate in them is their singularity
structure which is all the more relevant when the dynamical
systems describe physically interesting phenomena. While
there has been a lot of work which has discussed methods
to explore the singularity structure of autonomous dynam-
ical systems, a particularly interesting one is the procedure
of Goriely and Hyde [42]. As cosmology puts forward a lot
of very intriguing dynamical systems, the exploration of the
singularity structure of such systems have garnered a lot of
interest in recent times and this analysis method has been par-
ticularly useful for such explorations in cosmology [43—48].
This has previously been applied to study finite time sin-
gularities in certain classes of quintessence models too [49]
and [50] also discussed the implications of the Swampland
dS conjecture on the singularity structure. The Swampland
refers to the class of low energy EFT’s which would not
have a consistent UV completion with regards to String the-
ory, and hence potentially with quantum gravity as a whole
[51]. In order to classify which theories should belong to the
swampland, a number of swampland conjectures have came
forward in recent years. One of these conjectures is the dS
conjecture [52], which is based on the rather bold idea that
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no meta stable dS spaces can be found in the landscape of
string theory or quantum gravity as a whole. It can be written
in Planck Units m, = 1, as

/!
V(I > o) )
V(o)

where we V(¢) is the potential of the scalar field theory. This
has had some very interesting implications for dark energy
too [53-55]. So in this paper we will apply the Goriely—Hyde
singularity analysis method on Quintessence models based
in a RS-II Braneworld cosmology and explore the singularity
structure of these models and would try to see if the swamp-
land dS conjecture has any significant effect on the singularity
structure as well. We will consider a scalar field described by
a general action, as considered in [56,57] which allow us to
describe quintessence and phantom fields at the same time. In
Sect. 2 we will briefly describe the Goriely—Hyde procedure
after which we will discuss in the detail about the occurrence
of finite time singularities in RS-II Braneworld scalar field
dark energy models through the dynamical systems view.
After this, we will consider a well motivated ansatz for the
Hubble parameter and show that these regimes of dark energy
can allow for weak singularities of the Type III and Type IV
class and can also allow for strong singularities like the Big
Rip (Type I). We will finally conclude our work in Sect. 4.

2 Goreily-Hyde method

The Goriely—Hyde singularitiy analysis method [42] is a very
elegant way to ascertain the existence of finite-time singular-
ities in dynamical systems. We can describe the procedure in
a step-wise way as follows :

e We start by considering a dynamical system of n differ-
ential equations of the form,

X = fi(x) @)

where i = 1,2,...,n and the overdot denotes a dif-
ferentiation with respect to time t which in the case of
quintessence models would be better represented by the
number of e-foldings N. We can then extract from f;
parts of the equation that become more significant as one
reaches the region of the singularity (such parts are called
as the “dominant parts” [42]). Each dominant part consti-
tutes a mathematically consistent truncation of the system
and we can denote these parts as ﬁ Now the system takes
the form

%= fi(x) A3)
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e Without any loss of generality, the x/s near the singularity
will assume the form

xi = a;jt" “

where T = t — . with 7. being an integration constant.
We can then substitute (4) in (3) and equate the exponents
to find values of p; for various i which will constitute the
vector p = (p1, p2, ...pn) after which we can calculate
all the values of a; similarly to have a = (ay, az, ...ay).
Note that if a has only real entries then it will give rise
to only finite-time singularities while if it contains even
one complex entry, then it may give rise to only non
finite-time singularities. Taking this into account, every
set (a;, p;)is known as a dominant balance of the system.

e After this, one calculates the Kovalevskaya matrix, which
is given by

3 h
g)ff,l ‘3);2"%;11 p1 0..0
2 J2 2
3x) ax  Ox, 0pr..0

R=| . . ... 1-1. .... (5)
v A,
maxz..m OOpn

After finding this matrix, one has to evaluate this in
different dominant balances and find their eigenvalues.
The eigenvalues would then have to be of the form
(=1,7r2,r3,..,ry) and rp, r3.. > 0O then the singularity
is general and will occur irrespective of the initial con-
ditions of the system. On the other hand, even if one of
(2, r3..) are negative, then the singularity is local and
will only occur for certain sets of initial conditions.

3 Singularity analysis in RS-II scalar field models

The scalar that we will consider here is described by a gen-
eral action, as considered in [56,57] which will allow us to
describe quintessence and phantom fields at the same time.
We can write the total action of the RS-II Model inclusive of
both the scalar and the background fluid term as

S =Sps + S+ Sp = /dsx@(A@) + 2R(5)>

1
+ / d*xy—g (o— — Eu(qs)(w)z —V(p) + cB>
(6)

where R®, g,(LSU) and A® are the bulk Ricci Scalar, metric
and the cosmological constant respectively with o being the
brane tension on the 3-brane, g, being the 3-brane metric
and u(¢) being a scalar coupling function. Note that here we
are working in Planck units with (m},s))2 = 1 with m;,S) being

the 5-dimensional Planck mass. Assuming that the brane met-
ric has the usual FLRW form, we get the Friedmann equation
to be [58]

H>=p (1 + ﬁ) (7

20

where p = pg + pp is the total cosmological energy density
taking into account contributions from both the scalar field
and the background fluid term and the Bulk cosmological
constant has been set to zero for simplicity. While pursuing
the singularity structure of RS-II models with non-zero cos-
mological constant would certainly be an appealing endeav-
our, we are not interested in pursuing that here as we are
interested in seeing how singularity structures of reasonably
simple dark energy models in RS-II scenario plays out. By
doing so we are not imparting extreme fine-tuning to the mod-
els that could qualify for the forthcoming analysis, as it will
be evident later on that the analysis we will pursue applies to
a large range of Brane tensions , potentials and even for both
quintessence and phantom forms of dark energy evolution.
The second Friedmann equation can be written as

o _ B %)
28 == (14 2) (1@ + pa) ®)
And the equation motion of the scalar is given by
- ldu ., . dV
—— 3H — =0 9
M(¢)¢+2d¢¢ + M(¢)¢+d¢ ©)

Finally, using the following variables introduced in [32]
¢ Vv p
X = — y = — 7= —2
V6H V3H 3H

Choosing the background fluid to be of the form of pres-
surelees dark matter, in a way that wp = 0,! we get the
dynamical system for this model to be

3 3x 2
r_ [ T2 atd 2.2 s
X = X/ZM)»y 3x+2<z+x y)(z 1)
(11)
3 3y 2 2\ (2
/— E— —_— — [ —
Y=\ a3 (z+x2—» )(Z 1) (12)

7 =31-2)(z+x>—y) (13)

(10)

! While this choice might appear ad-hoc on first sight, braneworld mod-
els with pressureless dark matter have been vividly discussed in recent
literature [59—63]. Besides this, the reason we are considering a dust-like
form of the bulk matter is for the same reason as to why we didn’t con-
sider a non-zero bulk cosmological constant and that is for the sake of
simplicity as we are interested in the singularity structure of reasonably
simple dark energy models in the RS-II scenario. Singularity endeav-
ours with bulk matter having considerable pressure would indeed make
for a very nice exploration but we are not interested in pursuing that
here in the sense that we want to see how vivid the singularity structure
of models with simple form of bulk matter would look like.
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where the primes denote differentiation with respect to the
e-folding number N and A = VV/, which in view of the dS
conjecture would be constrained as A > O(1). Now that we
have a proper autonomous dynamical system, we can start
with the analysis. The first truncation that we consider is
given by

—kxry?
f= —3y32Z_1 (14)
3x

where k = |/ % Using the ansatz of the Goriely—Hyde

method, we get p = (—1, —1, —1) and using these, we get

AN 3
M=\To o TR

15
. 1 i 3 (15)
Q=T T T

as both a; and a; have complex entries, only non-finite time
singularities will be possible with regards to this truncation.
The Kovalevskaya matrix then takes the form

| —2kiy 0
_ 9y 3y3

R=|o1-9 s (16
6x 0 1

We then finally find the eigenvalues of the matrix, which are
given by

r=(—1,-1,2) (17)

Hence the singularities in this case will only be local sin-
gularities which will only form for a limited set of initial
conditions. Note that we have not set any constraint on the
value of A and so it does not matter what value A takes in
this case. Hence this result will hold for values of A which
are both swampland consistent and swampland inconsistent
with regards to the dS conjecture (1).

The second truncation that we consider is given as follows

f=1_3: (18)
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Using the ansatz of Goriely-Hyde method, we get p =
(—%, —%, —1) and using these we get?

()
()
o~ ()
()

The Kovalevskaya matrix in this case takes the form

| — W] =

(19)

-9 0 0
R = 0o la-3 -¥ (20)
0 6zy 14 3y?

We can now evaluate the eigenvalues of this matrix in any
set of the dominant balances mentioned above, to get

= 1\/§\/§ 21
Sl B D

We again see that in this case we will have non finite time
local singularities.

We consider one more truncation of this system, which is
written as

Z

-5

f=1-¥ (22)
—3zx?

3x
Y

Using the usual ansatz, we getp = (—%, —%, —1) and using
this we get

(23)

-5

2 At this point we would like to highlight that complex entries for the
following a values and those observed in (15) are completely consistent
with the fact that the system we have considered in (11-13) consists of
X, y and z which are real and positive. As mentioned in Sect. 2, complex
entries for various a suggest that the singularities will be non-finite
time in nature and hence these quantities taking up complex values is
consistent with the analysis as shown in [42]. Similar case has been for
various cosmological systems (for example, see [49,50]).
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We note now that in this truncation, various values of the
dominant balance contain only real entries and so finite
time singularities can occur in this system. Furthermore,
the Kovalevskaya matrix takes the form The Kovalevskaya
matrix in this case takes the form

11 =32 0 —3
R= 0  3(1-9% 0 (24)
—62x 0 1 —3x?

One can now evaluate the eigenvalues of this matrix, in any
set of the dominant balances as the same set of eigenvalues
eventually come in, to arrive at

r=(-1,1,1) (25)

Here we see that r, = —1 and hence the singularity formed
in this case will not be general. But this truncation tells us
that the dynamical system allows finite time singularities for
a limited set of initial conditions.

Till now, we have discussed the singularity structure in this
dark energy scenario from the dynamical point of view. But
just pointing out that singularities could exist for this system
would not be enough from the physical point of view and
hence, one needs to classify properly about what kind of sin-
gularities could occur in this model. One can classify various
types of physical singularities for cosmology at some time
t = ty, where #; is the time at which the singularities occurs,
as follows [37,64]

e Type I (“Big Rip”) : In this case, the scale factor a, effec-
tive energy density p.rs and effective pressure density
pery diverges.

e Type II (“Sudden/Quiescent singularity”) : In this case,
Pery diverges and so does the derivatives of the scalar
factor from the second derivative onwards.

e Type Il (“Big Freeze”) : In this case, the derivative of the
scale factor from the first derivative onwards diverges

e Type IV (“Generalized sudden singularities”) : In this
case, the derivative of the scale factor diverges from a
derivative higher than the second.

In this classification, Type I singularities are strong singu-
larities in the sense that they can distort finite objects while
singularities of Type II, Type 111, and Type IV are weak singu-
larities as they cannot be considered as either the beginning
or the end of the universe. There are other minor types of
singularities like w or Type V singularities, but we will only
be considering type I-IV singularities here. The most gen-
eral form of the Hubble parameter for studying singularities
in the above classified types is [50]

H(@t) = fi() + (O — 1) (26)

where f1(¢) and f>(¢) are assumed to be nonzero regular
functions at the time of the singularity (similar conditions

holding true for their derivatives till the second order) and «
is areal number. It is not necessary that the Hubble parameter
(34) is a solution to the field equations, but we will consider
the case thatitis indeed true and will look for the implications
of this consideration on the singularity structure in view of
our dynamical analysis. First we note that none of X, y or
z as defined in (10) can ever be singular for any value of
cosmic time. The singularities that one can have considering
the Hubble parameter as defined in (34) is

For o < —1, a big rip singularity occurs

For —1 < a < 0, a type III singularity occurs
For 0 < o < 1, atype II singularity occurs
For o > 1, a type IV singularity occurs

To proceed further, we need to express ¢ and V (¢) in terms
of the Hubble parameter. For simplicity, we will consider
that the coupling constant 4 = 1 and pp = 0. Making these
considerations, we can write

—2 =% (1+ g) 27)

One can then write

* = —2|:(O'+V+O',OB)+\/(O'+V+O'PB)2_2H:|
(28)

Furthermore, one can now write V (¢) in terms of the dark
energy equation of state® as
$? (1 —w)

VO =5 0w (29)

Using (36) and doing some algebra, we can write the potential
now as

y_ 200 4K +V@b( +K)? - 2H K — 1)
B 2k2 = 1)

where k = 12__ww and b = o (1 4+ pp) (note that both k and b
will always be positive for a positive brane tension). Notice
that V is now completely in terms of the Hubble parameter
(for constant values of o, w and pg) and so one can use this
form of V in (36) to find (]5 in terms of the Hubble parameter
as well.* One can then use the form of the Hubble parameter

(30)

3 Note that here we are only considering dark energy equation of state
with no background contributions, hence here we will only consider
scalar field contributions.

4 While the potential here has been shown to be completely dependent
on the Hubble parameter, interested readers would be tempted to explore
various physically motivated forms of the potential for investigating the
singularity structure. So it is important to stress the point here that V
does depend crucially on whatever values w, the Brane tension and the
bulk energy density will take and different values of these parameters
will correspond to different physical scenarios. But since we will be
interested only on the notion of regularity of the variables x, y and z,
the various values of these parameters do not make much of a change.
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as discussed in (34) in these expressions for ¢ and V. It is
necessary to express these quantities in terms of H (t) as now
we can find out which type of singularities are possible in this
scenario, in the view of the fact that x, y and z as described
in (10) have to remain regular. We will not be writing out the
full expressions here for these variables but will comment
on what type of singularities, as classified before, can occur
in this scenario. By studying the expressions for x, y and z,
one thing that is immediately clear is that Type I singularities
are very easily allowed to occur in this scenario® and hence
a strong singularity like the big rip can take place given this
model for dark energy which is an interesting assessment
for the future of the universe in this scenario. Speaking of
weak singularities, Type IV and Type III can occur as well
but a Type II singularity cannot occur as there are terms ~
(t — 1)~ in all of these expressions, which will be singular
for 0 < o < 1. Note that we have not set any constraints on
the value of the brane tension ¢ nor on the equation of state
parameter w (allowing for both phantom and quintessence
scenarios) for the case in which it does not diverge and hence
our treatment here is very general.

In passing, we discuss here in detail the difference between
the singularities obtained from the Goriely-Hyde method
and the ones we have obtained from the ansatz (26). The sin-
gularity structure we discussed as above by considering the
ansatz for the Hubble factor was made on the basis of the
idea that the variable X, y and z remain regular for cosmic
time, keeping in mind that the Hubble factor in denomina-
tor of all these variables can never vanish.® The dynamical
systems analysis through the Goriely—-Hyde method shows
us that both finite and infinite time singularities can indeed
exist for a limited set of initial conditions for the variables x,
y and z (10) but the question one could ask is, what would
singularities in either of these variables mean physically for
non vanishing Hubble parameter ? Starting with z, if this
variable becomes singular in finite or infinite time then this
would mean that the energy density diverges and this could
mean towards a type I singularity. Diverging energy density
can also point towards a type II singularity if the considered
equation of state is inhomogeneous [36], but we’re not con-
sidering inhomogeneous forms of the equation of state here.
But in order for the energy density to be positive, z is con-
strained as 0 < z < 1 with regards to the dynamical system

> At this point it is important to note the fact that we have already set an
ansatz for the Hubble parameter in (26) and the values of « as described
before determines what singularities can occur and what cannot. We
emphasize this because a reader might be tempted to think that a type I
singularity cannot occur as in accordance to (27), H will not be positive
but the requirement for type I to occur is for « < —1 to be allowed
given that x, y and z remain regular, which is certainly possible here.
Similar case was seen [50].

6 So intrinsically we are ignoring Big bang/ Grand bang type singular-
ities where the Hubble factor vanishes.
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(11-13). Hence z cannot become singular at any point in this
scenario. Talking about x and y, there is no such constraint
on x and y but if either of these values diverge then the it
would mean that z is will also diverge and so if one of these
variables diverge we need the other variable to diverge as
well to cancel the singularities. This would mean that one
of the variables will have to diverge towards —ve co while
one towards +ve oo and as y cannot be negative, y can only
diverge positively and x can only diverge negatively. Hence
even though the Goriely—Hyde procedure is very helpful in
the sense that it allows us to study singularities in otherwise
very complicated systems, there is a significant difference
between the singularities obtained from the purely mathe-
matical point of view and the ones we have pointed out from
the physically motivated Hubble ansatz and it is important
to pursue singularity from both ways to grip the limits of
use of the mathematical technique from the physical view.
It is also worth mentioning that in certain cases, quantum
gravity based effects can also alleviate singularity formation
in various cosmological settings [35,37,65]. In particular in
[35] it was shown that conformal anomaly effects can be
helpful for singularity removal even in an RS II Braneworld
paradigm, so investigating whether quantum gravity effects
can help in singularity removal in our considered scenario
can be a very worthwhile endeavour and it could likely be
the case although we will not be pursuing it in detail here.
We would also like to point out that previous work on 5-d
RS-II Braneworld models [46,47] discussed how Type I and
Type II singularities can occur in such scenarios (note that
these works were not concerned with any dark energy models
) while here we have shown a different singularity structure
for dark energy models in the RS-II paradigm. It is also worth
noting that in [38,39] it was explicitly shown that R* terms
may remove singularities (except of type IV one). For scalar
fields with an exponential type potential, the same could be
achieved . For fluids this is would correspond to a fluid (
[66]). As singularity removal is not in the focus of this paper,
we have not endeavoured towards the same but the papers
as discussed above show that it could be a viable possibility
that the inclusion of R2 terms or conformal anomaly effects
in different ways could help in removing some singularities
in the model that we have considered too.

4 Concluding remarks

In this paper we have discussed a regime of scalar field dark
energy regime which is based in an RS-II Braneworld cos-
mology, focusing on the dynamical system that encapsulates
the model. Such models of dark energy have been richly
investigated in recent years and so we wanted to know the
status quo of the occurrence of finite time singularities in
such models. We employed a completely general approach
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here, where our treatment is not only limited to a particu-
lar type of potential but is valid for general potentials in this
paradigm. We also considered implications from the swamp-
land dS conjecture in this regard. We employed the Goriely—
Hyde singularity analysis method to investigate finite time
singularities in these models and found that they do admit
finite time singularities for a limited set of initial conditions.
We also found out that this result stands firm irrespective of
whether or not one considers the dS conjecture. Finally, we
then discussed about the physical nature of singularities that
can occur in this scenario of dark energy. We showed that
weak singularities like Type III and Type IV can occur in
this scenario and also that a strong singularity like the Big
Rip (Type 1) can also occur in this case. We would also like
to clarify that we have mainly considered FRW dynamics on
the Brane and not in the bulk. We have given preference and
more importance to the dynamics on the brane instead of at
the bulk, for example, with our consideration that wp = 0.
We would refer the reader works like [27,47,60] for more
detailed discussions for the singularities and overall cosmo-
logical dynamics with emphasis on the bulk dynamics too.
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